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RADIUS FOR CONSTRAINED NONSMOOTH NONCONVEX

OPTIMIZATION\ast 
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Abstract. Block majorization-minimization (BMM) is a simple iterative algorithm for con-
strained nonconvex optimization that sequentially minimizes majorizing surrogates of the objective
function in each block while the others are held fixed. BMM entails a large class of optimization al-
gorithms such as block coordinate descent and its proximal-point variant, expectation-minimization,
and block projected gradient descent. We first establish that for general constrained nonsmooth
nonconvex optimization, BMM with \rho -strongly convex and Lg-smooth surrogates can produce an
\varepsilon -approximate first-order optimal point within \widetilde O((1 +Lg + \rho  - 1)\varepsilon  - 2) iterations and asymptotically
converges to the set of first-order optimal points. Next, we show that BMM combined with a trust-
region method with diminishing radius has an improved complexity of \widetilde O((1+Lg)\varepsilon  - 2), independent
of the inverse strong convexity parameter \rho  - 1, allowing improved theoretical and practical perfor-
mance with ``flat"" surrogates. Our results hold robustly even when the convex subproblems are
solved inexactly as long as the optimality gaps are summable. Central to our analysis is a novel
continuous first-order optimality measure, by which we bound the worst-case suboptimality in each
iteration by the first-order improvement the algorithm makes. We apply our general framework to
obtain new results on various algorithms such as the celebrated multiplicative update algorithm for
nonnegative matrix factorization by Lee and Seung, regularized nonnegative tensor decomposition,
and the classical block projected gradient descent algorithm. Lastly, we numerically demonstrate
that the additional use of diminishing radius can improve the convergence rate of BMM in many
instances.

Key words. block majorization-minimization, block coordinate descent, constrained optimiza-
tion, nonsmooth nonconvex optimization, trust-region
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1. Introduction. Throughout this paper, we are interested in the minimization
of a continuous function F : \scrE := \BbbR I1 \times \cdot \cdot \cdot \times \BbbR Im \rightarrow [0,\infty ) on a Cartesian product of
closed convex sets \Theta = Θ(1) \times \cdot \cdot \cdot \times Θ(m):

\bfittheta \ast \in arg min
\bfittheta =[\theta (1),...,\theta (m)]\in \Theta 

(F (\bfittheta ) := f(\bfittheta ) + p(\bfittheta )) .(1.1)

The objective function F is the sum of a smooth (possibly nonconvex) part f and
a nonsmooth (continuous and convex) part p. Under a minimal set of assumptions,
we investigate how to obtain first-order optimal points of (1.1) from an arbitrary
initialization.

To obtain first-order optimal solutions to (1.1), we consider algorithms based on
block majorization-minimization (BMM) [17]. The high-level idea of BMM is that, in
order to minimize a multiblock objective, one can minimize a majorizing surrogate of
the objective in each block, say, in a cyclic order: For n\geq 1 and i= 1, . . . ,m,
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COMPLEXITY OF BMM WITH DIMINISHING RADIUS 843

BMM

\left\{                   

g
(i)
n \leftarrow 

\left[  Majorizing surrogate of

\theta \mapsto \rightarrow f
(i)
n (\theta ) := f

\Bigl( 
\theta 
(1)
n , . . . , \theta 

(i - 1)
n , \theta , \theta 

(i+1)
n - 1 , . . . , \theta 

(m)
n - 1

\Bigr) 
\right]  ,

p
(i)
n (\theta ) := p

\Bigl( 
\theta 
(1)
n , . . . , \theta 

(i - 1)
n , \theta , \theta 

(i+1)
n - 1 , . . . , \theta 

(m)
n - 1

\Bigr) 
,

\theta 
(i)
n \in arg min\theta \in \Theta (i)

\Bigl( 
G

(i)
n (\theta ) := g

(i)
n (\theta ) + p

(i)
n (\theta )

\Bigr) 
.

(1.2)

While we consider BMM only with cyclic updates, other block selection rules (e.g.,
random i.i.d. sampling) can be used; see [17] for other update rules.

BMM entails numerous well-known algorithms for constrained nonconvex mini-
mization. First, when the smooth part f of the objective function is convex in each
block (i.e., block multiconvex) and the surrogate g

(i)
n in (1.2) is identical to f

(i)
n , then

BMM reduces to block coordinate descent (BCD), also known as nonlinear Gauss–
Seidel [38], where one sequentially minimizes the objective in each block coordinate
while the others are held fixed:

BCD \theta (i)n \in arg min
\theta \in \Theta (i)

\Bigl( 
F (i)
n (\theta ) = f (i)

n (\theta ) + p(i)n (\theta )
\Bigr) 
,(1.3)

where f
(i)
n and p

(i)
n are defined in (1.2). Due to its simplicity, BCD has been widely

used in various optimization problems such as nonnegative matrix or tensor factoriza-
tion [23, 20]. Using proximal surrogates in (1.2), BMM becomes BCD with proximal
regularization (BCD-PR):

BCD-PR \theta (i)n \in arg min
\theta \in \Theta (i)

\biggl( 
G(i)

n (\theta ) := f (i)
n (\theta ) +

\lambda 

2
\| \theta  - \theta 

(i)
n - 1\| 2 + p(i)n (\theta )

\biggr) 
,(1.4)

where \lambda \geq 0 is a fixed constant. If we use prox-linear surrogates in (1.2), then BMM
becomes the block prox-linear minimization [39], which is equivalent to the block
projected gradient descent (BPGD) [37] when the nonsmooth part p is nonexistent:

BPGD

\left\{           
g
(i)
n (\theta ) := f

(i)
n (\theta 

(i)
n - 1) + \langle \nabla f (i)

n (\theta 
(i)
n - 1), \theta  - \theta 

(i)
n - 1\rangle +

\rho 
2\| \theta  - \theta 

(i)
n - 1\| 2,

\theta 
(i)
n \leftarrow arg min\theta \in \Theta (i)

\Bigl( 
G

(i)
n (\theta ) = g

(i)
n (\theta ) + p

(i)
n (\theta )

\Bigr) 
= Proj\Theta (i)

\Bigl( 
\theta 
(i)
n - 1  - 1

\rho \nabla f
(i)
n (\theta 

(i)
n - 1)

\Bigr) 
if p = 0.

(1.5)

The function g
(i)
n in (1.5) is indeed a majorizing surrogate of f

(i)
n when the smooth

part f of the objective has L-Lipschitz gradient and \rho \geq L. BPGD has applications
in nonnegative matrix factorization (NMF) [25], nonnegative tensor completion [26],
and many other problems where the objective function is generally nonconvex and
the constraint set is convex in each block.

A key advantage of BMM over BCD is that one can work with user-constructed
majorizing surrogates g

(i)
n that are strongly convex, while the smooth part f

(i)
n of the

marginal block objective may not even be convex. This advantage is implicit in BPGD
but becomes apparent if we view it as a BMM with prox-linear surrogates in (1.5),
which is \lambda -strongly convex. For instance, it ensures the uniqueness of their minimizer,
which is a key property that warrants asymptotic convergence to stationary points.
In addition, strong convexity also plays a key role in iteration complexity analysis
[39, 18, 21] since it often implies square-summability of one-step parameter changes.
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844 HANBAEK LYU AND YUCHEN LI

In this work, we establish that the iteration complexity of BMM with \rho -strongly
convex and Lg-smooth surrogates for general nonsmooth nonconvex constrained op-

timization problem is \widetilde O((1 + Lg + \rho  - 1)\varepsilon  - 2), where \widetilde O(\cdot ) is the usual O(\cdot ) hiding a
polylogarithmic factor in \varepsilon . Since \rho \leq Lg, our result indicates that choosing surrogates
that are not too steep (Lg large) or too flat (\rho  - 1 large) will be beneficial. We move
one step further beyond what the classical BMM can offer. Can we modify BMM in
such a way that the complexity bound does not involve the undesirable factor of \rho  - 1?
The reason why this factor appears in the bound is as follows. When the surrogates
are nearly flat (\rho > 0 but small), one seeks to make aggressive parameter changes
whenever possible, but it becomes ineffective when the objective cannot be greatly
improved. Thus, one may try to improve BMM by keeping the nearly flat surrogates
if possible but gradually limiting the range of parameter changes as the algorithm
proceeds. From this motivation, we propose BMM in conjunction with trust-region
techniques. Namely, fix a sequence (rn)n\geq 1 of numbers in (0,\infty ] (including \infty ) that
acts as the radii of the trust-region. We then generalize (1.2) as

BMM-DR

\left\{     
g
(i)
n \leftarrow Majorizing surrogate of f

(i)
n at \theta 

(i)
n - 1 as in (1.2),

\theta 
(i)
n \in arg min

\theta \in \Theta (i),\| \theta  - \theta 
(i)
n \| \leq rn

\Bigl( 
G

(i)
n (\theta ) = g

(i)
n (\theta ) + p

(i)
n (\theta )

\Bigr) 
.

(1.6)

The majorizing surrogate g
(i)
n in (1.6) is assumed to satisfy the following properties:

(1) (Majorization) g
(i)
n (\theta ) - f

(i)
n (\theta )\geq 0 for all \theta \in Θ(i);

(2) (Sharpness) g
(i)
n (\theta 

(i)
n - 1) = f

(i)
n (\theta 

(i)
n - 1) and \nabla g(i)n (\theta 

(i)
n - 1) =\nabla f (i)

n (\theta 
(i)
n - 1);

(3) (Strong convexity) g
(i)
n is \rho -strongly convex on Θ(i) for some \rho \geq 0.

Note that (1.6) is identical to BMM (1.2) except that we restrict the range of
parameter search within a radius rn from the previous estimation. When rn \equiv \infty ,
then this additional radius constraint becomes vacuous and we recover the standard
BMM (1.2). The resulting algorithm, which we call BMM with diminishing radius
(BMM-DR), is stated in algorithm (1.6).

Our key finding is that the additional trust-region constraint in BMM-DR im-
proves the complexity bound to \widetilde O((1 + Lg)\varepsilon  - 2), removing the dependence on the
inverse strong convexity parameter \rho  - 1, even allowing convex surrogates (\rho = 0) (see
Theorem 2.1). The improvement is significant for BMM with “nearly flat surro-
gates” (e.g., linear surrogates for concave objectives [8]). We also note that unlike
the classical use of trust-region where the radii are computed adaptively depend-
ing on the algorithm’s progress [13], we use a simple nonadaptive sequence of radii
(e.g., rn = O(1/

\surd 
n)). We also establish asymptotic convergence to first-order op-

timal points of BMM-DR. Our theoretical establishments are verified by numerical
experiments in section 7.

Related work. There are several stylized examples of BMM in a wide range
of problems. For the single block case (m = 1), BMM reduces to the well-known
majorization-minimization algorithm [22], which entails the EM algorithm for maxi-
mum likelihood estimation, forward-backward splitting [12], iterative reweighted least
squares [14], and the classical proximal point algorithm [6, sect. 3.4.3]. With multi-
ple blocks (m \geq 2), BMM entails Multiplicative update for NMF by Lee and Seung
[23], the convex-concave procedure for the difference of convex programs [40], and
alternating least squares (ALS) for nonnegative CANDECOMP/PARAFAC (CP) de-
composition [10].

Asymptotic convergence to stationary points of BCD for nonconvex objectives has
been extensively studied in the literature [27]. It is well-known that BCD does not

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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COMPLEXITY OF BMM WITH DIMINISHING RADIUS 845

always converge to the stationary points of the nonconvex objective function that is
convex in each block [32], but such global convergence is guaranteed under additional
assumptions such as two-block (m = 2), strict quasiconvexity for m - 2 blocks [16],
or uniqueness of minimizer per block [7, sect. 2.7]. Due to the additional proximal
regularization, BCD-PR is guaranteed to converge to stationary points as long as the
proximal surrogates (see (1.4)) are strongly convex [16, 39, 21]. In [33], BMM (1.2)
for minimizing smooth objectives is known to converge to the set of stationary points
when the surrogates g

(i)
n have unique minimizer over the constraint sets Θ(i). For

nonsmooth nonconvex constrained optimization, Xu and Yin [39] showed that BCD,
BCD-PR, and BPGD converge asymptotically to the set of Nash equilibria (a weaker
notion than stationary points) when the nonsmooth part of the objective (possibly
in conjunction with the indicator function of convex constraint set) is not necessar-
ily continuous but block-separable. However, asymptotic convergence to stationary
points in the nonconvex nonsmooth constrained setting is still unknown.

For minimizing convex objectives, BMM reduces the gap between the current
objective value and the global minimum at rate O(1/n) in n iterations [18], assuming
strong convexity of the surrogates. A series of works including [9, 4] proved the
complexity of BMM and its variants for convex objectives under different settings. A
summary of some techniques used in the proofs can also be found in [3].

Compared to the convex minimization case, the iteration complexity for BMM
(1.2) for the constrained nonconvex nonsmooth setting is more limited. Here by “itera-
tion complexity,” we mean the worst-case number of iterations until an \varepsilon -approximate
first-order optimal point is obtained, using a suitable measure of suboptimality. Xu
and Yin [39] obtain the local rate of convergence of BCD, BCD-PR, and BPGD
under the additional assumption that the objective function satisfies the Kurdyka–
 Lojasiewicz inequality. Recently, Lyu and Kwon showed that BCD-PR has iteration
complexity of \widetilde O((1 + Lg + \rho  - 1)\varepsilon  - 2) [21] for both the constrained and unconstrained
settings, but their result does not cover nonsmooth objectives and general surrogates.
A Riemannian counterpart of BPGD for compact manifolds was recently shown to
have iteration complexity of \widetilde O(\varepsilon  - 2) [31]. However, this result does not hold for the
Euclidean setting with or without constraints, as the underlying manifold should be
compact without boundary. Razaviyayn et al. [34] show that BMM with randomized

coordinate update has complexity of O\BbbE ((1 +
L2

g

\rho + \rho  - 1)\varepsilon 2), where the subscript \BbbE 
means that the iteration complexity holds after taking the expectation over the ran-
domness of the block selection during the algorithm. However, for the cyclic update
rule, the (almost sure) complexity of BMM is not yet known.

We are the first to propose BMM-DR so there are no prior results on its iteration
complexity or asymptotic convergence properties. See Table 1 for a concise summary
of prior results.

Contribution. In this work, we analyze BMM with the optional trust-region
(1.6). Our main results are summarized below:

(1) We obtain a worst-case (anytime) bound of \widetilde O((1 + Lg + \rho  - 1)\varepsilon  - 2) on the
number of iterations to achieve \varepsilon -approximate “stationary-Nash” points (see
Definition 2.4) using \rho -strongly convex and Lg-smooth surrogates. (If p is
block-separable, stationary-Nash points are simply stationary points.)

(2) Using an optional trust-region with diminishing radius with the same surro-
gates in (1), we obtain an improved iteration complexity \widetilde O((1+Lg)\varepsilon  - 2) that
is independent of the strong convexity parameter \rho of the surrogates.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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846 HANBAEK LYU AND YUCHEN LI

Table 1
Survey known results on the iteration complexity of BMM for multiblock minimization problems

with \rho -strongly convex and Lg-smooth surrogates. C = convex, NC = nonconvex, S = smooth, and
NS = nonsmooth.

Method Objective Block Complexity Asymp. Inexact

update conv. computation

BPGD [39] C \& NS cyclic Depends on KL-ineq. \checkmark \ding{55}

BPGD [4] C \& S cyclic \widetilde O(\varepsilon  - 1) \ding{55} \ding{55}

BCD-PR [21] NC \& S cyclic \widetilde O((1 +Lg + \rho  - 1)\varepsilon  - 2) \checkmark \checkmark 

BMM [34] NC \& NS random O\BbbE ((1 +
L2

g

\rho 
+ \rho  - 1)\varepsilon  - 2) \checkmark \ding{55}

BMM [34] NC \& NS cyclic \ding{55} \checkmark \ding{55}

BMM (Ours) NC \& NS cyclic \widetilde O((1 +Lg + \rho  - 1)\varepsilon  - 2) \checkmark \checkmark 
BMM-DR (Ours) NC \& NS cyclic \widetilde O((1 +Lg)\varepsilon  - 2) \checkmark \checkmark 

(3) We obtain global asymptotic convergence of BMM(-DR) to stationary points
from arbitrary initialization assuming block-separability of the nonconvex
part p.

(4) All the aforementioned results hold under inexact execution of the algorithm.
To the best of our knowledge, we believe that our work provides the first result on

the global rate of convergence and iteration complexity of BMM(-DR) for minimiz-
ing nonsmooth nonconvex objectives under convex constraints. Especially, our rate
of convergence does not depend on \rho  - 1 if a trust-region with diminishing radius is
used. For gradient descent methods with an unconstrained nonconvex objective, it is
known that such a rate of convergence cannot be faster than \widetilde O(\varepsilon  - 2) [11], so our rate
bound matches the optimal result up to a polylogarithmic factor. Furthermore, prior
results on asymptotic convergence on BMM for nonconvex nonsmooth optimization
show that the limit points are only Nash but not stationary, even with the block-
separability assumption on the nonsmooth part [39]. We also show that these results
continue to hold if convex subproblems are solved inexactly, allowing for easier prac-
tical implementation of the algorithm with the same theoretical guarantees. Such
robustness results are not often provided in the literature.

We apply our general framework to various stylized examples such as NMF, non-
negative CANDECOMP/PARAFAC decomposition (NCPD), and BPGD and get the
following results:

(5) For BPGD, we obtain iteration complexity \widetilde O((1 + \rho + \rho  - 1)\varepsilon  - 2).
(6) We obtain a regularized version of the multiplicative update algorithm for

nonnegative matrix/tensor factorization with guaranteed asymptotic conver-
gence to stationary points and iteration complexity of \widetilde O(\varepsilon  - 2), where the
implicit constant depends on the hyperparameters.

We believe that these are the first iteration complexity results for NMF and
NCPD as well as BPGD for nonconvex objectives. We experimentally validate our
theoretical results with both synthetic and real-world data. We show that using
trust-regions improves the performance of BMM on both matrix factorization and
tensor decomposition problems. Moreover, we find that our algorithms outperform
the existing ones especially when the matrix and tensors to be factorized are sparse.

Central to our analysis is a novel continuous first-order optimality measure (2.4),
by which we bound the worst-case suboptimality in each iteration by the first-order
improvement the algorithm makes.

1.1. Notation. Denote a \wedge b = min(a \wedge b) for a, b \in \BbbR . For a convex function
p :\Theta \rightarrow \BbbR and \bfittheta \in \Theta , let \partial p(\theta ) denote the subdifferential set

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

D
ow

nl
oa

de
d 

08
/2

6/
25

 to
 1

44
.9

2.
38

.2
35

 b
y 

Y
uc

he
n 

L
i (

yl
i9

66
@

w
is

c.
ed

u)
. R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
s:

//e
pu

bs
.s

ia
m

.o
rg

/te
rm

s-
pr

iv
ac

y



COMPLEXITY OF BMM WITH DIMINISHING RADIUS 847

\partial p(\bfittheta ) := \{ \eta \in \BbbR p : p(\bfittheta \prime ) - p(\bfittheta )\geq \langle \eta , \bfittheta \prime  - \bfittheta \rangle for all \theta \in \Theta \} .

By a slight abuse of notation, we also use \partial p(\bfittheta ) to denote a generic subdifferential in
\partial p(\bfittheta ). Throughout this paper, we will denote by (\bfittheta n)n\geq 1 a (possibly inexact) output

of algorithm (1.6). Fix n\geq 1 and i= 1, . . . ,m. Write \bfittheta n = [\theta 
(1)
n , . . . , \theta 

(m)
n ] and for each

\theta \in \BbbR Ii , define

\bfittheta n;i :=
\Bigl( 
\theta (1)n , . . . , \theta (i - 1)

n , \theta (i)n , \theta 
(i+1)
n - 1 , . . . , \theta 

(m)
n - 1

\Bigr) 
,

(\theta ,\bfittheta n;i) :=
\Bigl( 
\theta (1)n , . . . , \theta (i - 1)

n , \theta , \theta 
(i+1)
n - 1 , . . . , \theta 

(m)
n - 1

\Bigr) 
.

Then we can write the function f
(i)
n in (1.2) as f

(i)
n (\theta ) := f(\theta ,\bfittheta n;i). Also, we denote

Θ(i)
n := \{ \theta \in Θ(i) | \| \theta  - \theta 

(i)
n - 1\| \leq rn\} ,(1.7)

which is the constraint set that appears in algorithm (1.6). Denote Λ := \{ \bfittheta n | n \geq 
1\} \subseteq \Theta . Also denote Λ \star 

n the set of the exact output of one step of algorithm (1.6):

Λ \star 
n :=

\Biggl\{ 
\bfittheta  \star 
n = [\theta (1 \star )n , . . . , \theta (m \star )

n ] :
\theta 
(i \star )
n is an exact minimizer of g

(i)
n

over Θ
(i)
n for i= 1, . . . ,m

\Biggr\} 
.

We will denote a generic element of Λ \star 
n by \bfittheta  \star 

n.

1.2. Organization. This paper is organized as follows. We state the main re-
sults in section 2. Section 3 gives a sketch of the analysis of the complexity results.
In section 4, we prove the iteration complexity results stated in Theorem 2.1(i)–(ii).
In section 5, we prove the asymptotic stationary result stated in Theorem 2.1(iii).
Then we provide some applications of our theory in section 6. Finally, we present the
experimental results of the applications in section 7.

2. Statement of main results.

2.1. Measure of stationarity. Recall that a necessary condition for a point
\bfittheta \ast \in \Theta to be a local minimizer of the objective F = f + p over \Theta is the following
first-order optimality condition:

sup
\bfittheta \in \Theta ,\| \bfittheta  - \bfittheta \ast \| \leq 1

\langle  - \nabla f(\bfittheta \ast ) - \partial p(\bfittheta \ast ), \bfittheta  - \bfittheta \ast \rangle \leq 0,(2.1)

where \langle \cdot , \cdot \rangle denotes the dot product on \BbbR I1+\cdot \cdot \cdot +Im \supseteq \Theta . Points satisfying the above
condition are called the stationary points of F over \Theta . We propose an equivalent
condition for first-order stationarity as

sup
\bfittheta \in \Theta ,\| \bfittheta  - \bfittheta \ast \| \leq 1

\biggl[ 
V (\bfittheta \ast ,\bfittheta ) := \langle  - \nabla f(\bfittheta \ast ), \bfittheta  - \bfittheta \ast \rangle + p(\bfittheta \ast ) - p(\bfittheta )

\biggr] 
\leq 0.(2.2)

To see the equivalence, first note that the convexity of p yields

p(\bfittheta \ast ) - p(\bfittheta )\leq \langle  - \partial p(\bfittheta \ast ), \bfittheta  - \bfittheta \ast \rangle for all \bfittheta \in \Theta .(2.3)

Hence (2.1) implies (2.2). Conversely, suppose (2.2) holds. Let \varphi (\bfittheta ) = V (\bfittheta \ast ,\bfittheta ) denote
the concave function in the supremum in (2.2). Since \varphi (\bfittheta \ast ) = 0, (2.2) implies that \bfittheta \ast 

is a local maximizer of \varphi over \Theta . Then writing the first-optimality condition for \bfittheta \ast 
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848 HANBAEK LYU AND YUCHEN LI

being a local minimizer of  - \varphi over \Theta and noting  - \partial \varphi (\bfittheta \ast ) =\nabla f(\bfittheta \ast ) + \partial p(\bfittheta \ast ) gives
exactly (2.1).

An important advantage in using the equivalent stationary measure in (2.2) is that
the bivariate function V is continuous whenever the nonsmooth part p is continuous
(e.g., \ell 1-regularization), whereas the corresponding function in (2.1) is not. Note that
we can still incorporate hard convex constraints \Theta while keeping p continuous instead
of viewing the discontinuous indicator function of \Theta as part of p (see, e.g., [39]).

For block nonconvex nonsmooth optimization problems as we consider in (1.1),
BCD-type algorithms may not always converge to the stationary points [2, p. 94], but
they converge to Nash points that are first-order optimal with respect to perturbing
a single block coordinate [39]. Accordingly, we introduce the following notion of
stationary-Nash points for the points \bfittheta \ast satisfying the following condition:

sup
\bfittheta \in \Theta 

\| \bfittheta  - \bfittheta \ast \| \leq 1

\biggl[ \widetilde V (\bfittheta \ast ,\bfittheta ) := \langle  - \nabla f(\bfittheta \ast ), \bfittheta  - \bfittheta \ast \rangle +
m\sum 
i=1

p(\bfittheta \ast ) - p
\bigl( 
\bfittheta \ast + (\bfittheta  - \bfittheta \ast )e(i)

\bigr) \biggr] 
\leq 0,

(2.4)

where \theta (i) denotes the ith block coordinate of \bfittheta and e(i) is the indicator vector for
the ith block coordinate. However, it is important to notice that if the nonsmooth
part p is block-separable (i.e., p(\theta (1), . . . , \theta (m)) =

\sum m
i=1 pi(\theta 

(i)) for pi convex), then our
notion of stationary-Nash points agrees with that of stationary points since (2.2) and
(2.4) coincide. While Xu and Yin [39] and Razaviyayn et al. [34] make such block-
separability assumption for the nonsmooth part of the objective, we do not make such
an assumption unless otherwise mentioned and aim for the most general setting.

For iterative algorithms, a first-order optimality condition may hardly be satisfied
exactly in a finite number of iterations, so it is often important to know how many
iterations are required until an \varepsilon -approximate solution is guaranteed to be obtained.
Accordingly, we say \bfittheta \ast \in \Theta is an \varepsilon -approximate stationary-Nash point of F over \Theta if

sup
\bfittheta \in \Theta ,\| \bfittheta  - \bfittheta \ast \| \leq 1

\widetilde V (\bfittheta \ast ,\bfittheta )\leq \varepsilon .(2.5)

For each \varepsilon > 0 we define the worst-case iteration complexity N\varepsilon of an algorithm
for solving (1.1) to be the worst-case (w.r.t. initialization \bfittheta 0) number of iterations
to guarantee an \varepsilon -approximate stationary-Nash point of F over \Theta . Again, recall
that \widetilde V = V for block-separable p so \varepsilon -approximate stationary-Nash points are \varepsilon -
approximate stationary points in that case.

It is worth expanding on the choice of optimality measures for nonconvex non-
smooth constrained problems since there are multiple ways to choose them. They are
typically obtained by relaxing various equivalent conditions for first-order stationarity.
For example, the \varepsilon -relaxation of the stationarity condition

dist(0, \partial F (\bfittheta \ast ) +\scrN \Theta (\bfittheta \ast ))\leq 0(2.6)

is standard, where \scrN \Theta (\bfittheta \ast ) denotes the normal cone of \Theta at \bfittheta \ast . However, Davis
and Drusvyatskiy, in their celebrated work [15], noted that the resulting stationarity
measure is difficult to work with due to its highly discontinuous nature. They proposed
to use the norm of the Moreau envelope as an alternative measure, since its being small
implies the existence of an approximate stationary point (in the sense of (2.6)) near
the estimated parameter.

It appears to us that our suboptimality measure \widetilde V in (2.5) strikes a nice balance
between generality and manageability with many desirable properties. First, we have
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COMPLEXITY OF BMM WITH DIMINISHING RADIUS 849

already noted that it is continuous, which allows us to push the convergence analysis
much further for nonconvex nonsmooth optimization. Second, it is a direct measure of
the suboptimality of the parameter being evaluated in contrast to the near-stationary
measure of Davis and Drusvyatskiy. Third, for nonconvex smooth optimization (p =
0), it agrees with (2.6) (see [1, Prop. B.1]). Fourth, if p is block-separable, then\widetilde V coincides with V (2.3) so the stationary-Nash point becomes the usual stationary
point. Furthermore, if f = 0, then \widetilde V reduces to the commonly used function value
gap measure in convex optimization problems.

We acknowledge that it is still open to obtain iteration complexity for BMM
for general nonconvex nonsmooth optimization problems with the stationary measure
from (2.6). The only other related work we are aware of is Razaviyain et al. [34], which
uses the \varepsilon -relaxation of the gradient mapping being zero (also a near-stationarity
measure) with block-separable nonsmooth part.

2.2. Assumptions. Throughout this paper, we assume the following conditions:
A1. The constraint sets Θ(i) \subseteq \BbbR Ii , i= 1, . . . ,m, are nonempty, closed, and convex

(but not necessarily compact) subsets in \BbbR Ii .
A2. The objective function F = f+p : \Theta \rightarrow \BbbR , where f is continuously differen-

tiable and p is convex and possibly nonsmooth. For each compact subset \Theta 0 \subseteq 
\Theta , there exist a constant L=L(\Theta 0) such that \| \nabla f(x) - \nabla f(y)\| \leq L\| x - y\| 
and | p(x) - p(y)| \leq L\| x - y\| for all x, y \in \Theta 0. Also, F \ast := inf\bfittheta \in \Theta F (\bfittheta )> - \infty .
Furthermore, the sublevel sets F - 1(( - \infty , a]) = \{ \bfittheta \in \Theta : F (\bfittheta )\leq a\} for a \in \BbbR 
are compact.

In A1, we allow the constraint set Θ(i) to be the whole space \BbbR Ii . The C1-assumption
of f in A2 is weaker than the L-smoothness assumption that is standard in the
literature of BCD (see, e.g., [39]).

Next, we define the majorization gap as the function h
(i)
n := g

(i)
n  - f

(i)
n for each

n\geq 0 and i = 1, . . . ,m. Note that h
(i)
n \geq 0, h

(i)
n (\theta 

(i)
n - 1) = 0. Hence if we assume h

(i)
n is

differentiable, then necessarily \nabla h(i)
n (\theta 

(i)
n - 1) = 0.

A3. The surrogates g
(i)
n for all n, i have Lg-Lipschitz continuous gradients for some

constant Lg > 0: For all \theta , \theta \ast \in Θ(i),

(Lipschitz gradients) \| \nabla g(i)n (\theta ) - \nabla g(i)n (\theta \ast )\| \leq Lg\| \theta  - \theta \ast \| .(2.7)

Furthermore, the surrogates g
(i)
n are \rho -strongly convex for some \rho \geq 0 (allow-

ing \rho = 0). Also, assume that either of the following holds:
(a) (Trust-region used)

\sum \infty 
n=1 r

2
n <\infty and rn+1/rn =O(1); or

(b) (Trust-region not used) rn \equiv \infty and \rho > 0.
It is straightforward to extend our analysis to the case where the smoothness param-
eter Lg in (2.7) depends on the block index i. For simplicity of presentation, we do
not pursue this straightforward generalization.

Note that the subproblem of block minimization in algorithm (1.6) amounts to

minimizing convex majorizing surrogate G
(i)
n over the constraint set Θ(i) if rn =\infty or

the intersection Θ(i) \cap \{ \theta : \| \theta  - \theta 
(i)
n - 1\| \leq rn\} if rn <\infty , which are both convex sets.

Hence each iteration of algorithm (1.6) can be readily executed using standard convex
optimization procedures (see, e.g., [7]). For instance, each iteration of BPGD (1.5)
for smooth objectives can be exactly computed given that projection onto the convex
constraint set Θ(i) has a closed-form expression (e.g., nonnegativity constraints or
threshold).

In the literature of BMM, it is often assumed that ∆n \equiv 0 [33, 34, 39]. However,
for many instances of algorithm (1.6), it could be the case that the convex subproblems
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850 HANBAEK LYU AND YUCHEN LI

can only be solved approximately. Fortunately, our analysis of algorithm (1.6) allows
inexact computation of solutions to the convex subproblems, as long as the “optimality
gaps” are summable. To be precise, we define the optimality gap at iteration n as

∆n = ∆n(\bfittheta 0) := max
1\leq i\leq m

\Bigl( 
G(i)

n (\theta (i)n ) - G(i)
n (\theta (i \star )n )

\Bigr) 
,(2.8)

where \theta (i \star )n \in arg min
\theta \in \Theta (i),\| \theta  - \theta 

(i)
n - 1\| \leq rn

G(i)
n (\theta ).

Then we require the summability of optimality gaps as in A4.
A4. The optimality gaps are summable:

\sum \infty 
n=1 ∆n <\infty .

We remark that when the surrogates are \rho -strongly convex and Lg-smooth, then
one can satisfy A4 by using the well-known complexity result for proximal gradient
descent [3, Thm. 10.29]. Namely, compute each \theta 

(i)
n by running proximal gradient

descent for kn subiterations with stepsize \tau < 1/Lg and initialization \theta 
(i)
n - 1. Then

∆n \leq Lg

2 (1  - (\rho /Lg))kn
\sum m

i=1\| \theta 
(i)
n - 1  - \theta 

(i \star )
n \| 2. In (4.3), we show that the sum of\sum m

i=1\| \theta 
(i)
n - 1  - \theta 

(i \star )
n \| 2 over n \geq 1 is finite. Hence A4 is verified if (1  - (\rho /Lg))kn =

O(n - 2). For this, it is enough to have kn \approx logn. The subiterations of logn steps for
n = 1, . . . , T contribute only a logT factor to the total complexity, which is negligible.

2.3. Statement of main results. Now we state the main result, Theorem 2.1.

Theorem 2.1. Assume A1--A4 hold. Let (\bfittheta n)n\geq 0 be an (possibly inexact) output
of algorithm (1.6). Then the following hold:

(i) (Rate of convergence) There exist constants M,c> 0 such that for n\geq 1,

min
1\leq k\leq n

\Biggl[ 
sup

\bfittheta \in \Theta ,\| \bfittheta  - \bfittheta k\| \leq 1

Ṽ (\bfittheta k,\bfittheta )

\Biggr] 
\leq c

M +Lg +
\bigl( 
\rho  - 1 \wedge 

\sum n
k=1 r

2
k

\bigr) 
(
\surd 
n/ logn)\wedge 

\sum n
k=1 rk

.

(See (4.8) and below for explicit expressions for the constants M,c.)
(ii) (Worst-case iteration complexity) If rn \equiv \infty , then the worst-case iteration

complexity N\varepsilon for algorithm (1.6) satisfies N\varepsilon =O
\bigl( 
(1+Lg+\rho  - 1)\varepsilon  - 2(log \varepsilon  - 1)2

\bigr) 
.

If rn = 1/(
\surd 
n logn) for n \geq 1, then the iteration complexity improves to

N\varepsilon =O((1 + Lg)\varepsilon  - 2(log \varepsilon  - 1)2).
(iii) (Asymptotic stationarity) Further assume that

\sum \infty 
n=1 rn =\infty . Then (\bfittheta n)n\geq 1

converges to the set of stationary-Nash points of F over \Theta . In particular, if
p is block-separable, then (\bfittheta n)n\geq 1 converges to the set of stationary points of
F over \Theta .

Theorem 2.1(i) provides a bound on the rate of convergence in terms of the
stationarity measure introduced in (2.5). The result covers both options when trust-
regions of square-summable radii are used or not throughout the iterations. When
trust-region is not used, the asymptotic rate is O(n - 1/2 logn). However, the constant
1 +Lg + \rho  - 1 grows unbounded when the strong convexity parameter \rho for the surro-
gates is vanishingly small. Therefore, using “flat” surrogates may hinder the rate of
convergence. One may try to circumvent this issue by using “steep” surrogates (e.g.,
by adding large proximal terms), but this will be penalized by Lg in the constant of
convergence rate since Lg \geq \rho . See also Figure 2 for numerical results.

The upper bound on the rate of convergence in the case of a trust-region with
diminishing radius in Theorem 2.1(i) suggests that we can get rid of the unfavor-
able dependence on \rho  - 1 with the same surrogates and without affecting the rate
of convergence. Indeed, by choosing radii rn = 1/(

\surd 
n logn) for n \geq 1, we get
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COMPLEXITY OF BMM WITH DIMINISHING RADIUS 851

1
\big/ \sum n

k=1 min\{ rk,1\} = O(n - 1/2 logn) and the numerator in the bound is the same
constant 1 + Lg without the term depending on \rho  - 1. To our knowledge, the best
convergence rate for nonconvex nonsmooth block optimization was O\BbbE ((1 + L2

g\rho 
 - 1 +

\rho  - 1)n - 1/2) for a randomized BCD in [34], and there is no known bound on conver-
gence rate that holds almost surely, especially without the dependence on \rho  - 1.

Theorem 2.1(ii) gives a worst-case iteration complexity of algorithm (1.6) of pro-
ducing an \varepsilon -stationary point. This can be easily obtained from Theorem 2.1(i) by
setting the upper bound to be less than \varepsilon .

Last, Theorem 2.1(iii) states that the iterates produced by algorithm (1.6), possi-
bly solving the subproblems inexactly with summable optimality gap, asymptotically
converge to the set of stationary-Nash points of the problem (1.1). In particular,
when the nonsmooth part p is block-separable, this result shows the first asymptotic
stationarity of BMM(-DR) iterates in the literature.

The most technical part of our asymptotic analysis is to handle inexact computa-
tion when bounded trust-regions are used. Roughly speaking, for asymptotic analysis
with trust-region, we need to show that the additional trust-region constraints “van-
ish” in the limit in the sense that any convergent subsequence of the iterates cannot
touch the trust-region boundaries indefinitely. Allowing inexact computation of the
surrogate minimization within the trust-region poses an additional challenge. The
analysis is given in section 5.

3. Sketch of analysis. In this section, we give a high-level description of our
analysis and discuss the key difficulties and how we will handle them.

We first discuss key challenges in the analysis, especially for BMM with trust-
regions with square-summable radii. For most iteration complexity analysis of first-
order methods (e.g., projected gradient descent), one uses first-order optimality of
each update w.r.t. the corresponding subproblem and relates the optimality measure
of the overall objective at each iteration with the amount of parameter change [39].
Using this approach, we can deduce the following bound:

sup
\bfittheta \in \Theta 

\| \bfittheta  - \bfittheta n\| \leq (rn\wedge 1)

m\sum 
i=1

\Bigl( 
 - \langle \nabla if(\bfittheta n) + \partial p(i)n (\theta (i)n ), \theta (i)  - \theta (i)n \rangle 

\Bigr) 
=O (\| \bfittheta n  - \bfittheta n - 1\| ) ,(3.1)

where we have assumed an exact subproblem solution (i.e., ∆n \equiv 0) for simplicity
of presentation. When trust-region is not used (i.e., rn \equiv \infty ), we can use square-
summability of the parameter changes (i.e., the right-hand side (RHS) of (3.1)) to
deduce that the minimum of the LHS of (3.1) among the first n iterations decay as
Õ(n - 1/2).

However, if we do use trust-region (i.e., rn <\infty ), then the supremum in the LHS
of (3.1) is taken over a vanishingly small ball around \bfittheta n. For instance, for square-
summable radii, the small ball on the LHS has a vanishing radius of order Õ(n - 1/2),
which is the same order of the RHS of (3.1). Hence, one cannot deduce a similar
rate of convergence result as in the case when trust-region is not used. A different
approach to analysis is needed to establish the rate of convergence of BMM-DR.

In order to circumvent the above issue, we establish the complexity results by
first showing the finite first-order variation between consecutive iterates as in Propo-
sition 4.5. Then in the key Lemma 4.6, we connect the optimality measure in (2.5)
with the first-order variation between iterates. This gives an improved upper bound
of the LHS in (3.1), which decays at the rate of Õ(n - 1). Therefore, even when trust-
region is used, we are still able to conclude the complexity result as in Theorem 2.1.
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Fig. 1. Illustration of the proof of Theorem 2.1(iii) with diminishing radius.

For the asymptotic analysis with trust-region, we seek a contradiction after sup-
posing there exists a nonstationary limit point of the set of all estimates \{ \bfittheta n : n\geq 0\} .
Such a nonstationary limit point should be contained in an open ball that does not
contain any other stationary points and there must be infinitely many iterates outside
such a ball (Proposition 5.6). This implies that there are infinitely many “crossings”
from near the nonstationary limit point to outside of the ball (see Figure 1). By
using techniques developed for the complexity analysis, we can deduce from this that
there exists a stationary point inside the open ball around the nonstationary point
(Proposition 5.5), which is a contradiction.

4. Proof of iteration complexity. We start by recalling a classical lemma on
the first-order approximation of functions with Lipschitz gradients.

Lemma 4.1 (first-order approximation of functions with Lipschitz gradient). Let
f : Ω(\subseteq \BbbR p)\rightarrow \BbbR be differentiable and \nabla f be L-Lipschitz continuous on Ω. Then for
each \theta , \theta \prime \in Ω,

\bigm| \bigm| f(\theta \prime ) - f(\theta ) - \nabla f(\theta )T (\theta \prime  - \theta )
\bigm| \bigm| \leq L

2 \| \theta  - \theta \prime \| 2.
Proof. This is a classical lemma. See [29, Lem. 1.2.3].

Next, we will show the iterates are asymptotically exact given the surrogates are
strongly convex.

Proposition 4.2. Suppose A1 holds and g
(i)
n is \rho -strongly convex for some \rho > 0.

Then \rho 
2\| \theta 

(i)
n  - \theta 

(i \star )
n \| 2 \leq ∆n.

Proof. Fix i \in \{ 1, . . . ,m\} . There are two cases to consider. First, when A3(a)

holds, the assertion follows from a triangle inequality and that both \theta 
(i)
n and \theta 

(i \star )
n are

within distance rn from \theta 
(i)
n - 1 since rn = o(1). Second, suppose A3(b) holds. Then by

the first-order optimality (recall that Θ
(i)
n in (1.7) is convex)

\langle \partial G(i)
n (\theta (i \star )n ), \theta  - \theta (i \star )n \rangle \geq 0 for all \theta \in Θ(i)

n for all i = 1, . . . ,m.

Then by \rho -strong convexity of g
(i)
n in A3(b) and convexity of p

(i)
n ,

\rho 

2
\| \theta (i)n  - \theta (i \star )n \| 2 \leq G(i)

n (\theta (i)n ) - G(i)
n (\theta (i \star )n ) - \langle \partial G(i)

n (\theta (i \star )n ), \theta (i)n  - \theta (i \star )n \rangle \leq ∆n.(4.1)

Proposition 4.3 (monotonicity of objective and stability of iterates). Sup-
pose A1, A2, and A4 hold. Then the following hold:

(i) F (\bfittheta n - 1) - F (\bfittheta n)\geq  - m∆n.

(ii)
\sum \infty 

n=1

\sum m
i=1G

(i)
n (\theta 

(i)
n - 1) - G

(i)
n (\theta 

(i \star )
n )\leq F (\bfittheta 0) - F \ast +m

\sum \infty 
n=1 ∆n <\infty .

(iii) If
\sum \infty 

n=1 r
2
n <\infty , then \| \theta (i)n  - \theta 

(i)
n - 1\| \leq rn for all i, n and

\sum \infty 
n=1\| \bfittheta n - \bfittheta n - 1\| 2 \leq \sum \infty 

n=1 r
2
n <\infty . If g

(i)
n is \rho -strongly convex for some \rho > 0 for all i, n, then
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COMPLEXITY OF BMM WITH DIMINISHING RADIUS 853

\rho 

4

\infty \sum 
n=1

\| \bfittheta n  - \bfittheta n - 1\| 2 \leq F (\bfittheta 0) - F \ast + 2m

\infty \sum 
n=1

∆n <\infty .(4.2)

In particular, in both cases, \| \theta (i)n - 1  - \theta 
(i)
n \| = o(1) for all i= 1, . . . ,m.

Proof. Fix i\in \{ 1, . . . ,m\} . Note that

F (i)
n (\theta 

(i)
n - 1) - F (i)

n (\theta (i)n )
(a)
= G(i)

n (\theta 
(i)
n - 1) - G(i)

n (\theta (i)n ) + G(i)
n (\theta (i)n ) - F (i)

n (\theta (i)n )

(b)

\geq G(i)
n (\theta 

(i)
n - 1) - G(i)

n (\theta (i \star )n ) - ∆n,

where (a) follows from G
(i)
n (\theta 

(i)
n - 1) = F

(i)
n (\theta 

(i)
n - 1) and that g

(i)
n majorizes f

(i)
n so that

G
(i)
n majorizes F

(i)
n ; (b) follows from the definition of ∆n in (2.8). Summing over all

i= 1, . . . ,m, it follows that

F (\bfittheta n - 1) - F (\bfittheta n) =

m\sum 
i=1

F (i)
n (\theta 

(i)
n - 1) - F (i)

n (\theta (i)n )

\geq  - m∆n +

m\sum 
i=1

G(i)
n (\theta 

(i)
n - 1) - G(i)

n (\theta (i \star )n )\geq  - m∆n,

where the last inequality uses the definition of \theta 
(i \star )
n . This shows (i). Note that (ii)

follows by adding up the first inequality above for n\geq 1.
Last, we show (iii). If

\sum \infty 
n=1 r

2
n < \infty , then the assertion follows immediately.

Otherwise, suppose the surrogates g
(i)
n are \rho -strongly convex for some \rho > 0. Then

G
(i)
n = g

(i)
n + p

(i)
n is also \rho -strongly convex since p

(i)
n is convex, so by the second-order

growth property (see (4.1)) and the definition of ∆n,

\rho 

2
\| \theta (i)n - 1  - \theta (i \star )n \| 2 \leq G(i)

n (\theta 
(i)
n - 1) - G(i)

n (\theta (i \star )n ).

Then by (ii),

\infty \sum 
n=1

\rho 

2
\| \theta (i)n - 1  - \theta (i \star )n \| 2 \leq F (\bfittheta 0) - F \ast +m

\infty \sum 
n=1

∆n <\infty .(4.3)

Then by Young’s inequality and Proposition 4.2, we can deduce (4.2).

Proposition 4.4 (boundedness of iterates). Assume A1, A2, A4, and either
A3(a) or A3(b) hold. Then there exist compact and convex subsets S(i) \subseteq Θ(i) for
i= 1, . . . ,m such that \Theta 0 := S(1)\times \cdot \cdot \cdot \times S(m) contains

\bigcup \infty 
n=0B\leq 1(\bfittheta n), where B\leq 1(x) :=

\{ y \in \Theta : \| x - y\| \leq 1\} . Consequently, \nabla f and p are L-Lipschitz continuous on \Theta 0 for
some L> 0.

Proof. Let T :=m
\sum \infty 

k=1 ∆k, which is finite by A4. Recall that by Proposition 4.3,
we have supn\geq 0F (\bfittheta n) \leq F (\bfittheta 0) + T < \infty . It follows that \{ \bfittheta n : n \geq 0\} is a subset

of the sublevel set A0 := F - 1(( - \infty , F (\bfittheta 0) + T ]), which is compact by A2. Let Π(i)

denote the projection from \Theta to its ith block component Θ(i). Then Π(i)(A0) is a
compact subset of Θ(i). Take R(i) to be the “unit fattening” of this compact subset:

R(i) :=
\Bigl\{ 
\theta \in Θ(i) : \| \theta  - \theta \prime \| \leq 1 for some \theta \prime \in Π(i)(A0)

\Bigr\} 
.
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854 HANBAEK LYU AND YUCHEN LI

Now let S(i) be the convex hull of R(i) for i = 1, . . . ,m. Then S(i) is closed and
bounded, so is also a compact subset of Θ(i). The claimed containment follows from
the construction. The second part of the assertion follows from the first part along
with A1.

The following proposition shows the summability of  - V (\bfittheta n+1,\bfittheta n).

Proposition 4.5 (finite first variation I). Assume A1--A4 hold and let L> 0 be
as in Proposition 4.4. Then

\infty \sum 
n=0

 - V (\bfittheta n+1,\bfittheta n)\leq F (\bfittheta 0) - F \ast +
L

2

\infty \sum 
n=0

\| \bfittheta n  - \bfittheta n+1\| 2.

Proof. By A2 and Proposition 4.4, \nabla f is L-Lipschitz continuous on the compact
subset \Theta 0 \subseteq \Theta (in Proposition 4.4) that contains all iterates \bfittheta n, n \geq 0. Hence by
Lemma 4.1, for all n\geq 0,

\langle \nabla f(\bfittheta n+1), \bfittheta n  - \bfittheta n+1\rangle \leq f(\bfittheta n) - f(\bfittheta n+1) +
L

2
\| \bfittheta n  - \bfittheta n+1\| 2

= F (\bfittheta n) - F (\bfittheta n+1) - p(\bfittheta n) + p(\bfittheta n+1) +
L

2
\| \bfittheta n  - \bfittheta n+1\| 2.

Adding up the above inequality for all n\geq 0 shows the assertion.

Next, we show a key lemma for establishing the iteration complexity of our algo-
rithm. This lemma gives an upper bound of \widetilde V (\bfittheta n,\bfittheta ) for any \bfittheta \in \Theta with \| \bfittheta  - \bfittheta n\| \leq 1.

Lemma 4.6 (key lemma for iteration complexity). Assume A1--A4 hold. Let
bn \in [0,min\{ rn,1\} ] for all n\geq 1. Then

bn+1 sup
\bfittheta \in \Theta ,\| \bfittheta  - \bfittheta n\| \leq 1

\widetilde V (\bfittheta n,\bfittheta )\leq  - V (\bfittheta n+1,\bfittheta n) + 3mLbn+1\| \bfittheta n  - \bfittheta n+1\| 

(4.4)

+

\biggl( 
L

2
+mL

\biggr) 
\| \bfittheta n+1  - \bfittheta n\| 2 +

Lgb
2
n+1

2
+m∆n+1

for all n\geq 1 for some constant L> 0.

Proof. Fix n \geq 0 and let \bfittheta = [\theta (1), . . . , \theta (m)] \in \Theta be such that \| \bfittheta  - \bfittheta n\| \leq 
min\{ bn+1,1\} . Then we have

G
(i)
n+1(\theta 

(i)
n+1) - ∆n+1 \leq G

(i)
n+1(\theta 

(i \star )
n+1)\leq G

(i)
n+1(\theta (i)).

Let \Theta 0 = S(1)\times \cdot \cdot \cdot \times S(m) and L> 0 be as in Proposition 4.4. Recall that\nabla g(i)n+1(\theta 
(i)
n ) =

\nabla f (i)
n+1(\theta 

(i)
n ) by definition of the majorizing surrogates. Hence by subtracting f

(i)
n+1(\theta 

(i)
n )

from both sides and applying the Lg-smoothness of g
(i)
n+1 on S(i) and Lemma 4.1, we

get\Bigl\langle 
\nabla f (i)

n+1(\theta (i)n ), \theta 
(i)
n+1  - \theta (i)n

\Bigr\rangle 
\leq 
\Bigl\langle 
\nabla f (i)

n+1(\theta (i)n ), \theta (i)  - \theta (i)n

\Bigr\rangle 
+p(\theta ;\bfittheta n+1;i) - p(\bfittheta n+1;i - 1)

+ p(\bfittheta n+1;i - 1) - p(\bfittheta n+1;i) +
L

2
\| \theta (i)n+1  - \theta (i)n \| 2

+
Lg

2
\| \theta (i)  - \theta (i)n \| 2 + ∆n+1.
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COMPLEXITY OF BMM WITH DIMINISHING RADIUS 855

Denote \nabla fn+1(\bfittheta n) := [\nabla f (1)
n+1(\theta 

(1)
n ), . . . ,\nabla f (m)

n+1(\theta 
(m)
n )]. Adding up these inequalities

for i = 1, . . . ,m,

\langle \nabla fn+1(\bfittheta n), \bfittheta n+1  - \bfittheta n\rangle \leq \langle \nabla fn+1(\bfittheta n), \bfittheta  - \bfittheta n\rangle +
m\sum 
i=1

p(\theta ;\bfittheta n+1;i) - p(\bfittheta n+1;i - 1)

+ p(\bfittheta n) - p(\bfittheta n+1) +
L

2
\| \bfittheta n+1  - \bfittheta n\| 2

+
Lg

2
\| \bfittheta  - \bfittheta n\| 2 +m∆n+1.

By Lipschitz continuity of \nabla f on \Theta 0,

\| \nabla if(\bfittheta n) - \nabla f (i)
n+1(\theta (i)n )\| , \| \nabla if(\bfittheta n+1) - \nabla f (i)

n+1(\theta (i)n )\| \leq L\| \bfittheta n  - \bfittheta n+1\| .

Noting that \| \bfittheta  - \bfittheta n\| \leq bn+1, we can deduce

V (\bfittheta n+1,\bfittheta n)\leq \langle \nabla f(\bfittheta n), \bfittheta  - \bfittheta n\rangle +
m\sum 
i=1

p(\theta ;\bfittheta n+1;i) - p(\bfittheta n+1;i - 1)

+

\biggl( 
L

2
+mL

\biggr) 
\| \bfittheta n+1  - \bfittheta n\| 2 +

Lgb
2
n+1

2
+m∆n+1(4.5)

+mLbn+1\| \bfittheta n  - \bfittheta n+1\| .

Now fix arbitrary \bfittheta \prime \in \Theta such that \| \bfittheta \prime  - \bfittheta n\| \leq 1. By convexity of \Theta , \bfittheta :=

bn+1\bfittheta 
\prime + (1 - bn+1)\bfittheta n \in \Theta and \| \bfittheta  - \bfittheta n\| \leq bn+1. Then by convexity of p

(i)
n+1, we have

p
(i)
n+1(\theta (i))\leq bn+1p(\theta \prime ;\bfittheta n+1;i) + (1 - bn+1)p(\bfittheta n+1;i - 1). Therefore

m\sum 
i=1

(p(\bfittheta n+1;i - 1) - p(\theta ;\bfittheta n+1;i)\geq bn+1

m\sum 
i=1

(p(\bfittheta n+1;i - 1) - p(\theta \prime ;\bfittheta n+1;i)).

Hence by noting \bfittheta  - \bfittheta n = bn+1(\bfittheta \prime  - \bfittheta n), (4.5) yields for all \bfittheta \prime \in \Theta with \| \bfittheta \prime  - \bfittheta n\| \leq 1,

bn+1

\Biggl( \bigl\langle 
 - \nabla f(\bfittheta n), \bfittheta \prime  - \bfittheta n

\bigr\rangle 
+

m\sum 
i=1

(p(\bfittheta n+1;i - 1) - p(\theta \prime ;\bfittheta n+1;i))

\Biggr) 
\leq  - V (\bfittheta n+1,\bfittheta n) + mLbn+1\| \bfittheta n  - \bfittheta n+1\| 

+

\biggl( 
L

2
+mL

\biggr) 
\| \bfittheta n+1  - \bfittheta n\| 2 +

Lgb
2
n+1

2
+m∆n+1.

Last, by using L-Lipschitz continuity of p on \Theta 0, we can replace the left-hand side
above by bn+1

\widetilde V (\bfittheta n,\bfittheta 
\prime ) with an additive error of 2bn+1L\| \bfittheta n+1  - \bfittheta n\| . This gives the

assertion.

Lemma 4.7. Let (an)n\geq 0 and (bn)n\geq 0 be sequences of nonnegative real numbers

such that
\sum \infty 

n=0 anbn <\infty . Then min1\leq k\leq n bk \leq 
\sum \infty 

k=0 akbk\sum n
k=1 ak

=O((
\sum n

k=1 ak) - 1).

Proof. The assertion follows from noting that\Biggl( 
n\sum 

k=1

ak

\Biggr) 
min

1\leq k\leq n
bk \leq 

n\sum 
k=1

akbk \leq 
\infty \sum 
k=1

akbk <\infty .

Now we are ready to derive the iteration complexity in Theorem 2.1(i)–(ii).
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856 HANBAEK LYU AND YUCHEN LI

Proof of Theorem 2.1(i)–(ii). Suppose bn \in [0,min\{ rn,1\} ] is such that
\sum \infty 

n=1 b
2
n <

\infty . Introduce the following notations: A := F (\bfittheta 0) - F \ast and

B :=

N\sum 
n=1

∆n, C :=

N\sum 
n=1

\| \bfittheta n  - \bfittheta n - 1\| 2, D :=

N\sum 
n=1

b2n, E :=

N\sum 
n=1

r2n.

Then A\in [0,\infty ) by A2, B \in [0,\infty ) by A4, and D \in [0,\infty ) by the hypothesis. Further-
more, by the Cauchy–Schwarz inequality,

N\sum 
n=0

bn+1\| \bfittheta n  - \bfittheta n+1\| \leq 
\surd 
CD.

Now summing the inequalities in (4.4) in Lemma 4.6 for all n\geq 0 and using Proposi-
tion 4.5, we get

N\sum 
n=0

bn+1 sup
\bfittheta \in \Theta ,\| \bfittheta  - \bfittheta n\| \leq 1

\widetilde V (\bfittheta n,\bfittheta )\leq M0,(4.6)

where the constant M0 is defined as

M0 := A+mB + (m+ 1)LC +
Lg

2
D + 3mL

\surd 
CD.(4.7)

Next, by Proposition 4.3 and A3, we have

C \leq 

\left\{     
E \wedge 4

\rho 
(A+ 2mB) if A3(a) holds,

4

\rho 
(A+ 2mB) if A3(b) holds.

(4.8)

Therefore, for either case we have C \in [0,\infty ) and hence M0 <\infty . Now Theorem 2.1(i)
is a direct consequence of (4.6) and Lemma 4.7. Note that when A3(a) holds we have
D\leq E. Combining (4.7) and (4.8) gives

M0 \leq 

\Biggl\{ 
M1 + L(m+1)(4A+8mB)

\rho +
6mL
\surd 

(A+2mB)D

\rho 1/2 +
Lg

2 D if A3(b) holds,

M1 + min
\bigl\{ 

(4m + 1)LE,H(\rho )
\bigr\} 

+
Lg

2 E if A3(a) holds,
(4.9)

where H(\rho ) denotes the sum of the second and third terms in the first case, and
M1 =A +mB is a constant independent of Lg and \rho .

Next, (ii) is a direct consequence of (i). Indeed, if rn = 1/(
\surd 
n logn), then the

upper bound on the rate of convergence in (i) is of order O(1/
\sum n

k=1 k
 - 1/2/(logk)) =

O(logn
\big/ 

2
\int n

1
x - 1/2 dx) = O( logn

2
\surd 
n

). Similarly, if rn \equiv \infty , then we can choose bn =

n - 1/2/(logn) for n\geq 1. Then we have the same rate of convergence in (i). Then one
can conclude by using the fact that n \geq 2\varepsilon  - 1(log \varepsilon  - 1)2 implies (logn)2/n \leq \varepsilon for all
sufficiently small \varepsilon > 0.

Remark 4.8 (remark on diminishing radius). A direct comparison of the constants
in (4.9) shows the advantage of diminishing radius for improving the complexity bound
by eliminating terms with \rho  - 1, which is significant when \rho is small. When \rho is large,
the algorithm with diminishing radius performs at least as well as the one without
diminishing radius. Note that a large \rho will be penalized by Lg since Lg \geq \rho . Moreover,
when implementing diminishing radius, one cannot take rn arbitrarily small since\sum \infty 

n=1 bn appears in the denominator of the complexity. Furthermore, the choice of
diminishing radius rn (and the corresponding bn) in the proof of Theorem 2.1 is not
limited to rn = 1/(

\surd 
n logn).
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COMPLEXITY OF BMM WITH DIMINISHING RADIUS 857

5. Proof of asymptotic stationarity. Recall that after the update \bfittheta n - 1 \mapsto \rightarrow \bfittheta n,
each block coordinate of \bfittheta n and \bfittheta  \star 

n are within distance rn from the corresponding
block coordinate of \bfittheta n - 1. For each n \geq 1, we say \bfittheta  \star 

n is a short point if all of its
block coordinates are strictly within rn from the corresponding block coordinate of
\bfittheta n - 1, and \bfittheta  \star 

n is said to be a long point otherwise. Observe that if \bfittheta  \star 
n is a short point,

then imposing the search radius restriction in algorithm (1.6) has no effect and \bfittheta  \star 
n

is obtained from \bfittheta n - 1 by a single cycle of exact BMM on the constraint set \Theta . In
particular, this holds if rn =\infty since then every \bfittheta  \star 

n \in Λ \star must be a short point.

For simplicity of notation, let h
(i)
n = g

(i)
n  - f

(i)
n denote the majorization gap. In

the following proposition, we show the majorization gap is vanishing.

Proposition 5.1 (vanishing gradients of the majorization gap). Suppose A1--A3
hold. Then there exists a constant Lh > 0 such that for all n\geq 1 and i= 1, . . . ,m,

\| \nabla h(i)
n (\theta (i)n )\| \leq Lh\| \theta (i)n  - \theta 

(i)
n - 1\| .

Proof. Write h = h
(i)
n . Let \Theta 0 = S(1) \times \cdot \cdot \cdot \times S(m) be as in Proposition 4.4. Then

\bfittheta n \in \Theta 0 for all n\geq 1. Since \theta 
(i)
n , \theta 

(i)
n - 1 \in S(i) and \nabla h(\theta 

(i)
n - 1) = 0, we get

\| \nabla h(\theta (i)n )\| = \| \nabla h(\theta (i)n ) - \nabla h(\theta 
(i)
n - 1)\| 

= \| \nabla g(i)n (\theta (i)n ) - \nabla f (i)
n (\theta (i)n ) - \nabla g(i)n (\theta 

(i)
n - 1) +\nabla f (i)

n (\theta 
(i)
n - 1)\| 

\leq (Lg +L)\| \theta (i)n  - \theta 
(i)
n - 1\| .

Proposition 5.2 (sufficient condition for stationarity I). Assume A1--A4 hold.
If (\bfittheta  \star 

nk
)k\geq 1 is a convergent subsequence of (\bfittheta  \star 

n)n\geq 1 consisting of short points, then
limk\rightarrow \infty \bfittheta nk

= limk\rightarrow \infty \bfittheta  \star 
nk

=: \bfittheta \infty and \bfittheta \infty is a stationary-Nash point of F over \Theta .

Proof. Note that if \bfittheta  \star 
n is a short point, then each block coordinate \theta 

(i \star )
n lies in

the interior of \| \bfittheta  - \bfittheta 
(i)
n - 1\| < rn, the trust-region of radius rn. Hence by the first-order

optimality condition for \theta 
(i \star )
n , for all \theta \in Θ(i) for all i = 1, . . . ,m,

\langle \nabla g(i)n (\theta (i \star )n ), \theta  - \theta (i \star )n \rangle + p(i)n (\theta ) - p(i)n (\theta (i \star )n )\geq \langle \partial G(i)
n (\theta (i \star )n ), \theta  - \theta (i \star )n \rangle \geq 0.(5.1)

We wish to show that \bfittheta \infty is a stationary-Nash point of F over \Theta . Denote \bfittheta \infty =
[\theta 

(1)
\infty , . . . , \theta 

(m)
\infty ]. Fix i\in \{ 1, . . . ,m\} and \theta \in Θ(i) with \| \theta  - \theta 

(i)
\infty \| \leq 1. By Proposition 4.4

and continuous differentiability of f in A2, there exists a constant C > 0 such that
\| \nabla f (i)

n (\theta 
(i)
n )\| \leq C for all n, i. Then by using the Cauchy–Schwarz inequality and

Proposition 5.1,

\langle \nabla f (i)
n (\theta (i)n ), \theta  - \theta (i)n \rangle 
\geq \langle \nabla f (i)

n (\theta (i)n ), \theta  - \theta (i \star )n \rangle  - \| \nabla f (i)
n (\theta (i)n )\| \| \theta (i)n  - \theta (i \star )n \| 

\geq \langle \nabla g(i)n (\theta (i)n ), \theta  - \theta (i \star )n \rangle  - \| \nabla h(i)
n (\theta (i)n )\| \| \theta  - \theta (i)n \|  - C \| \theta (i)n  - \theta (i \star )n \| 

\geq \langle \nabla g(i)n (\theta (i)n ), \theta  - \theta (i \star )n \rangle  - Lh\| \theta (i)n  - \theta 
(i)
n - 1\| \| \theta  - \theta (i)n \|  - C \| \theta (i)n  - \theta (i \star )n \| .

We apply the last inequality for n replaced with nk. By Proposition 4.2, we have
\bfittheta nk
\rightarrow \bfittheta \infty as k \rightarrow \infty . Also by Proposition 4.3, we have \| \bfittheta n - 1  - \bfittheta n\| = o(1). So

\bfittheta nk - 1 \rightarrow \bfittheta \infty as k \rightarrow \infty . Since \| \theta  - \theta 
(i)
\infty \| \leq 1, it follows that \| \theta  - \theta 

(i)
nk\| \leq 2 for all

sufficiently large k. Then by using continuity of \nabla f , \nabla g(i)n , and p
(i)
n as well as (5.1),
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858 HANBAEK LYU AND YUCHEN LI

\langle \nabla if(\bfittheta \infty ), \theta  - \theta (i)\infty \rangle + p(i)\infty (\theta ) - p(i)\infty (\theta (i)\infty )

= lim inf
k\rightarrow \infty 

\Bigl( 
\langle \nabla f (i)

nk
(\theta (i)nk

), \theta  - \theta (i)nk
\rangle + p(i)nk

(\theta ) - p(i)nk
(\theta (i)nk

)
\Bigr) 

\geq lim inf
k\rightarrow \infty 

\Bigl( 
\langle \nabla g(i)nk

(\theta (i \star )nk
), \theta  - \theta (i \star )nk

\rangle + p(i)nk
(\theta ) - p(i)nk

(\theta (i)nk
)
\Bigr) 
\geq 0,

where p
(i)
\infty (\theta ) := p(\theta 

(1)
\infty , . . . , \theta 

(i - 1)
\infty , \theta , \theta 

(i+1)
\infty , . . . , \theta 

(m)
\infty ). This holds for all i so we can

conclude.

Now we can deduce Theorem 2.1(iii) for the case of BMM with strongly convex
surrogates without diminishing radius.

Proof of Theorem 2.1(iii) under A3(b). By Proposition 4.4, the sequence of it-
erates (\bfittheta n)n\geq 1 is bounded. Hence it suffices to show that every limit point of this
sequence is a stationary-Nash point of F over \Theta . To this effect, let (\bfittheta nk

)k\geq 1 denote
an arbitrary convergent subsequence of (\bfittheta n)n\geq 1. Denote \bfittheta \infty := limk\rightarrow \infty \bfittheta nk

. By
Proposition 4.2, we have \bfittheta  \star 

nk
\rightarrow \bfittheta \infty as k\rightarrow \infty . Since rn \equiv \infty under A3(b), each \bfittheta  \star 

nk

is a short point. Thus by Proposition 5.2, \bfittheta \infty is a stationary-Nash point of F over
\Theta , as desired.

In the remainder of this section, we prove Theorem 2.1(iii) under A3(a). The key
technical difficulty is to handle a sequence of inexact iterates (\bfittheta n)n\geq 1 where the exact
iterates \bfittheta  \star 

n can be either short or long points due to the nondegenerate radius rn <\infty 
of the trust-region.

Proposition 5.3 (finite first-order variation II). Assume A1, A2, A3(b), and A4
hold. Then

\sum \infty 
n=0

\widetilde V (\bfittheta n,\bfittheta 
 \star 
n+1)<\infty .

Proof. Let Lg := L + Lh > 0 as in Proposition 4.4. We first note that since

\nabla f (i)
n+1(\theta 

(i)
n ) =\nabla g(i)n+1(\theta 

(i)
n ),\Bigl\langle 

\nabla f (i)
n+1(\theta (i)n ), \theta (i)n  - \theta 

(i \star )
n+1

\Bigr\rangle 
=
\Bigl\langle 
\nabla g(i)n+1(\theta (i)n ), \theta (i)n  - \theta 

(i \star )
n+1

\Bigr\rangle 
(a)

\leq Lg

2
\| \theta (i)n  - \theta 

(i \star )
n+1\| 2 +G

(i)
n+1(\theta (i)n ) - G

(i)
n+1(\theta 

(i \star )
n+1) - p(i)n+1(\theta (i)n ) + p

(i)
n+1(\theta 

(i \star )
n+1)

(b)

\leq 
Lgr

2
n+1

2
+G

(i)
n+1(\theta (i)n ) - G

(i)
n+1(\theta 

(i)
n+1) + ∆n+1 - p(i)n+1(\theta (i)n ) + p

(i)
n+1(\theta 

(i \star )
n+1),

where (a) follows from Lemma 4.1 and A3 and the definition of G
(i)
n+1 and (b) follows

from the trust-region constraint and the definition of ∆n+1 in (2.8).

Next, recalling G
(i)
n+1(\theta 

(i)
n ) = F

(i)
n+1(\theta 

(i)
n ) and G

(i)
n \geq F

(i)
n , we get

m\sum 
i=1

G
(i)
n+1(\theta (i)n ) - G

(i)
n+1(\theta 

(i)
n+1) =

m\sum 
i=1

F
(i)
n+1(\theta (i)n ) - G

(i)
n+1(\theta 

(i)
n+1)

\leq 
m\sum 
i=1

F
(i)
n+1(\theta (i)n ) - F

(i)
n+1(\theta 

(i)
n+1) = F (\bfittheta n) - F (\bfittheta n+1).

Then summing the above inequality over n\geq 0 is at most F (\bfittheta 0) - F \ast , so this shows

\infty \sum 
n=0

m\sum 
i=1

G
(i)
n+1(\theta (i)n ) - G

(i)
n+1(\theta 

(i)
n+1)\leq F (\bfittheta 0) - F \ast .
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COMPLEXITY OF BMM WITH DIMINISHING RADIUS 859

Last, using L-Lipschitz continuity of \nabla f on \Theta 0 (see Proposition 4.4 and A2),

m\sum 
i=1

\Bigl\langle 
\nabla f (i)

n+1(\theta (i)n ), \theta (i)n  - \theta 
(i \star )
n+1

\Bigr\rangle 
=
\Bigl\langle \Bigl[ 
\nabla f (1)

n+1(\theta (1)n ), . . . ,\nabla f (m)
n+1(\theta (m)

n )
\Bigr] 
, \bfittheta n  - \bfittheta  \star 

n+1

\Bigr\rangle 
\geq 
\bigl\langle 
\nabla f(\bfittheta n), \bfittheta n  - \bfittheta  \star 

n+1

\bigr\rangle 
 - mL\| \bfittheta n  - \bfittheta n+1\| \| \bfittheta n  - \bfittheta  \star 

n+1\| 
\geq 
\bigl\langle 
\nabla f(\bfittheta n), \bfittheta n  - \bfittheta  \star 

n+1

\bigr\rangle 
 - mLr2n+1.

Therefore, combining the above inequalities, we conclude

\infty \sum 
n=0

\Biggl( \widetilde V (\bfittheta n,\bfittheta 
 \star 
n+1) =

\bigl\langle 
\nabla f(\bfittheta n), \bfittheta n  - \bfittheta  \star 

n+1

\bigr\rangle 
+

m\sum 
i=1

\Bigl( 
p
(i)
n+1(\theta (i)n ) - p

(i)
n+1(\theta 

(i \star )
n+1)

\Bigr) \Biggr) 

\leq 
\biggl( 
mLg

2
+mL

\biggr) \infty \sum 
n=1

r2n + (F (\bfittheta 0) - F \ast ) + m

\infty \sum 
n=1

∆n <\infty .

Lemma 5.4 (key lemma for asymptotic stationarity for inexact trust-region). As-
sume A1, A2, A3(b), and A4. Then there exists c > 0 such that for all n\geq 0,

min\{ rn,1\} sup
\bfittheta \in \Theta ,\| \bfittheta  - \bfittheta n\| \leq 1

\widetilde V (\bfittheta n,\bfittheta )\leq \widetilde V (\bfittheta n,\bfittheta 
 \star 
n+1) + cr2n+1.

Proof. Let bn := min\{ rn,1\} for all n\geq 1. Fix n\geq 0 and let \bfittheta = [\theta (1), . . . , \theta (m)]\in \Theta 
be such that \| \bfittheta  - \bfittheta n\| \leq bn+1 \leq rn+1. Then we have

G
(i)
n+1(\theta 

(i \star )
n+1)\leq G

(i)
n+1(\theta (i)).

Let \Theta 0 = S(1)\times \cdot \cdot \cdot \times S(m) be as in Proposition 4.4. From A3, each surrogate g
(i)
n has

Lg-Lipschitz continuous gradient on S(i). Also, \bfittheta ,\bfittheta  \star 
n+1,\bfittheta n \in \Theta 0 for all n\geq 1. Recall

that \nabla g(i)n+1(\theta 
(i)
n ) = \nabla f (i)

n+1(\theta 
(i)
n ) since g

(i)
n \geq f

(i)
n and g

(i)
n+1(\theta 

(i)
n ) = f

(i)
n+1(\theta 

(i)
n ). Hence

by subtracting g
(i)
n+1(\theta 

(i)
n ) from both sides and applying the Lg-smoothness of g

(i)
n on

S(i) (see Lemma 4.1),\Bigl\langle 
\nabla f (i)

n+1(\theta (i)n ), \theta 
(i \star )
n+1  - \theta (i)n

\Bigr\rangle 
+p

(i)
n+1(\theta 

(i \star )
n+1)

\leq 
\Bigl\langle 
\nabla f (i)

n+1(\theta (i)n ), \theta (i)  - \theta (i)n

\Bigr\rangle 
+

Lg

2
\| \theta (i \star )n+1  - \theta (i)n \| 2 +

Lg

2
\| \theta (i)  - \theta (i)n \| 2+p

(i)
n+1(\theta (i))

\leq 
\Bigl\langle 
\nabla f (i)

n+1(\theta (i)n ), \theta (i)  - \theta (i)n

\Bigr\rangle 
+Lgr

2
n+1+p

(i)
n+1(\theta (i)).

Adding up these inequalities for i= 1, . . . ,m,

m\sum 
i=1

\Bigl\langle 
\nabla f (i)

n+1(\theta (i)n ), \theta 
(i \star )
n+1  - \theta (i)n

\Bigr\rangle 
+p

(i)
n+1(\theta 

(i \star )
n+1) - p

(i)
n+1(\theta (i))

\leq 
\Bigl\langle \Bigl[ 
\nabla f (1)

n+1(\theta (1)n ), . . . ,\nabla f (m)
n+1(\theta (m)

n )
\Bigr] 
, \bfittheta  - \bfittheta n

\Bigr\rangle 
+mLgr

2
n+1

(a)

\leq \langle \nabla f(\bfittheta n), \bfittheta  - \bfittheta n\rangle +mL\| \bfittheta n+1  - \bfittheta n\| \cdot \| \bfittheta  - \bfittheta n\| +mLgr
2
n+1

(b)

\leq \langle \nabla f(\bfittheta n), \bfittheta  - \bfittheta n\rangle + cr2n+1

for c :=m2L+mLg, where (a) uses that \nabla if is L-Lipschitz in the ith block coordinate
(Proposition 4.4) for each i = 1, . . . ,m and (b) follows since \| \bfittheta n+1  - \bfittheta n\| \leq mrn+1
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860 HANBAEK LYU AND YUCHEN LI

and \| \bfittheta  - \bfittheta n\| \leq rn+1. The above inequality holds for all \bfittheta \in \Theta with \| \bfittheta  - \bfittheta n\| \leq bn+1.
Furthermore, note that

m\sum 
i=1

\Bigl\langle 
\nabla f (i)

n+1(\theta (i)n ), \theta 
(i \star )
n+1  - \theta (i)n

\Bigr\rangle 
=
\Bigl\langle 
\nabla f (1)

n+1(\theta (1)n ), . . . ,\nabla f (m)
n+1(\theta (1)n ), \bfittheta  \star 

n+1  - \bfittheta n

\Bigr\rangle 
\geq 
\bigl\langle 
\nabla f(\bfittheta n), \bfittheta  \star 

n+1  - \bfittheta n

\bigr\rangle 
 - mL\| \bfittheta n  - \bfittheta n+1\| \| \bfittheta  \star 

n+1  - \bfittheta n\| 
\geq 
\bigl\langle 
\nabla f(\bfittheta n), \bfittheta  \star 

n+1  - \bfittheta n

\bigr\rangle 
 - mLr2n+1.

Thus it follows that

sup
\bfittheta \in \Theta ,\| \bfittheta  - \bfittheta n\| \leq bn+1

\widetilde V (\bfittheta n,\bfittheta )\leq \widetilde V (\bfittheta n,\bfittheta 
 \star 
n+1) + (c+mL)r2n+1.

Then using the same argument as in Lemma 4.6, we can conclude the assertion.

Proposition 5.5 (sufficient condition for stationarity II). Assume A1, A2,
A3(b), and A4. If there exists a subsequence (\bfittheta nk

)k\geq 1 such that
\sum \infty 

k=1\| \bfittheta nk
 - 

\bfittheta  \star 
nk+1\| =\infty , then there is a further subsequence (sk)k\geq 1 of (nk)k\geq 1 so that limk\rightarrow \infty \bfittheta sk

exists and is a stationary-Nash point of F over \Theta .

Proof. Denote \eta n := \bfittheta n  - \bfittheta  \star 
n+1. Then under the hypothesis, by Proposition 5.3

lim inf
k\rightarrow \infty 

\infty \sum 
k=1

1

\| \eta nk
\| 
\widetilde V (\bfittheta nk

,\bfittheta  \star 
nk+1) = 0.(5.2)

Let (tk)k\geq 1 be a subsequence of (nk)k\geq 1 for which the liminf in (5.2) is achieved.
According to Proposition 4.4, by taking a further subsequence, we may assume that
\bfittheta \infty = limk\rightarrow \infty \bfittheta tk exists. Then \bfittheta \infty \in \Theta since \Theta is closed by A1.

Now suppose for contradiction that \bfittheta \infty is not a stationary-Nash point of F over
\Theta . Then there exists \bfittheta \prime \in \Theta and \delta > 0 such that \widetilde V (\bfittheta \infty ,\bfittheta \prime ) > \delta > 0. Denote
\bfittheta t := t\bfittheta \prime + (1 - t)\bfittheta \infty for t\in [0,1]. Then by convexity of p,

\widetilde V (\bfittheta \infty ,\bfittheta t)\geq t\widetilde V (\bfittheta \infty ,\bfittheta \prime )> t\delta > 0 for all t\in [0,1].

Choose t sufficiently small so that \| \bfittheta t  - \bfittheta \infty \| < 1/2 and denote \bfittheta \ast for such \bfittheta t. Note
that \bfittheta \ast \in \Theta by convexity of \Theta .

By A1, the function \widetilde V (\cdot , \cdot ) in (2.4) is continuous. Hence we have \widetilde V (\bfittheta tk ,\bfittheta 
\ast )\rightarrow \widetilde V (\bfittheta \infty ,\bfittheta \ast )> t\delta > 0 as k\rightarrow \infty .

Hence by Lemma 5.4, there is a constant c > 0 such that for all n \geq 1 and k
sufficiently large,

t\delta 

2
\leq \widetilde V (\bfittheta tk , \bfittheta 

\ast )\leq sup
\bfittheta \in \Theta 

\| \bfittheta  - \bfittheta tk
\| \leq 1

\widetilde V (\bfittheta tk ,\bfittheta )\leq \| \eta tk\| 
min\{ rtk ,1\} 

\widetilde V (\bfittheta tk ,\bfittheta 
 \star 
tk+1)

\| \eta tk\| 
+

cr2tk+1

min\{ rtk ,1\} 
.

Since \| \bfittheta  \star 
n+1  - \bfittheta n\| \leq mrn+1, by using the hypothesis, the right-hand side above

converges to zero as k\rightarrow \infty , which is a contradiction.

The following result is crucial in establishing global convergence to stationary-
Nash points (Theorem 2.1(i)) and it is the only place where we use nonsummability
of the radii rn’s in the proof of Theorem 2.1.
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COMPLEXITY OF BMM WITH DIMINISHING RADIUS 861

Proposition 5.6 (local structure of a nonstationary-Nash limit point). As-
sume A1, A2, A3(b), and A4. Suppose there exists a nonstationary-Nash limit point
\bfittheta \infty of Λ. Then there exists \varepsilon > 0 such that the \varepsilon -neighborhood B\varepsilon (\bfittheta \infty ) := \{ \bfittheta \in 
\Theta | \| \bfittheta  - \bfittheta \infty \| < \varepsilon \} with the following properties:

(a) B\varepsilon (\bfittheta \infty ) does not contain any stationary-Nash points of Λ.
(b) There exists infinitely many \bfittheta  \star 

n's outside of B\varepsilon (\bfittheta \infty ).

Proof. We first show that there exists \varepsilon > 0 such that B\varepsilon (\bfittheta \infty ) satisfies (a).
Suppose for contradiction that there exists no such \varepsilon > 0. Then we have a sequence
(\bfittheta \infty ;k)k\geq 1 of stationary-Nash points of Λ that converges to \bfittheta \infty . Fix \bfittheta \in \Theta . Note

that by continuity of Ṽ (\cdot , \cdot ) and \widetilde V (\bfittheta \infty ;k,\bfittheta )\leq 0 since \bfittheta \infty ;k is a stationary-Nash point

of F\infty ;k over \Theta , we have \widetilde V (\bfittheta \infty ,\bfittheta )\leq 0. Since \bfittheta \in \Theta was arbitrary, this implies that
\bfittheta \infty is a stationary-Nash point of F over \Theta , a contradiction.

Next, we show that we can assume by choosing \varepsilon > 0 smaller, if necessary, that
B\varepsilon (\bfittheta \infty ) that does not contain any short points of Λ. Suppose not. Then for all
\varepsilon > 0 sufficiently small, B\varepsilon (\bfittheta \infty ) contains some short point of Λ. Then there exists a
subsequence of short points of Λ converging to \bfittheta \infty , but then \bfittheta \infty has to be stationary-
Nash by Proposition 5.2, which contradicts the hypothesis.

Now we assume that B\varepsilon (\bfittheta \infty ) has no short point of Λ and also satisfies (a). We
will show that B\varepsilon /2(\bfittheta \infty ) satisfies (b). Then B\varepsilon /2(\bfittheta \infty ) satisfies (a)–(b), as desired.
Suppose for contradiction there are only finitely many \bfittheta  \star 

n’s outside of B\varepsilon /2(\bfittheta \infty ). Then
there exists an integer M \geq 1 such that \bfittheta  \star 

n \in B\varepsilon /2(\bfittheta \infty ) for all n\geq M . Then each \bfittheta  \star 
n for

n\geq M is a long point of Λ. By definition, it follows that \| \bfittheta  \star 
n - \bfittheta n - 1\| \geq rn for all n\geq M .

Then since
\sum \infty 

n=1 rn =\infty , by Proposition 5.5 there exists a subsequence (nk)k\geq 1 such
that \bfittheta \prime 

\infty := limk\rightarrow \infty \bfittheta nk
exists and is stationary-Nash. But since \bfittheta \prime 

\infty \in B\varepsilon (\bfittheta ), this
contradicts (a). This shows the assertion.

We are now ready to give proof of the asymptotic stationarity result stated in
Theorem 2.1(iii).

Proof of Theorem 2.1(iii) under A3(a). Suppose for contradiction that there exists
a non-stationary-Nash limit point \bfittheta \infty \in \Theta of Λ. We may choose \varepsilon > 0 such that
B\varepsilon (\bfittheta \infty ) satisfies the conditions (a)–(b) of Proposition 5.6. Choose M \geq 1 large
enough so that mrn < \varepsilon /3 whenever n \geq M . We call an integer interval I := [\ell , \ell \prime ] a
crossing if \bfittheta \ell \in B\varepsilon /3(\bfittheta \infty ), \bfittheta \ell \prime \in B2\varepsilon /3(\bfittheta \infty ), and no proper subset of I satisfies both
of these conditions. By definition, two distinct crossings have empty intersections.
Fixing a crossing I = [\ell , \ell \prime ], it follows that by the triangle inequality,

\ell \prime  - 1\sum 
n=\ell 

\| \bfittheta n+1  - \bfittheta n\| \geq \| \bfittheta \ell \prime  - \bfittheta \ell \| \geq \varepsilon /3.(5.3)

Note that since \bfittheta \infty is a limit point of Λ, \bfittheta n visits B\varepsilon /3(\bfittheta \infty ) infinitely often. Moreover,
by condition (b) of Proposition 5.6, \bfittheta  \star 

n also exits B\varepsilon (\bfittheta \infty ) infinitely often. But since
\| \bfittheta n  - \bfittheta  \star 

n\| \leq mrn < \varepsilon /3, it follows that \bfittheta n exits B2\varepsilon /3(\bfittheta \infty ) infinitely often. It follows
that there are infinitely many crossings. Let tk denote the kth smallest index that
appears in some crossing. Then tk\rightarrow \infty as k\rightarrow \infty , and by (5.3),

\infty \sum 
k=1

\| \bfittheta tk+1  - \bfittheta tk\| \geq (# of crossings)
\varepsilon 

3
=\infty .

By the triangle inequality,

\| \bfittheta  \star 
tk+1  - \bfittheta tk\| \geq \| \bfittheta tk+1  - \bfittheta tk\|  - \| \bfittheta 

 \star 
tk+1  - \bfittheta tk+1\| \geq \| \bfittheta tk+1  - \bfittheta tk\|  - ∆tk .

Since ∆n’s are summable by Assumption A4, it follows that
\sum \infty 

k=1\| \bfittheta 
 \star 
tk+1 - \bfittheta tk\| =\infty .
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862 HANBAEK LYU AND YUCHEN LI

Then by Proposition 5.5, there exists a subsequence (sk)k\geq 1 of (tk)k\geq 1 such that
\bfittheta \prime 
\infty := limk\rightarrow \infty \bfittheta sk exists and is a stationary-Nash point of F over \Theta . However,

since \bfittheta tk \in B2\varepsilon /3(\bfittheta \infty ) for all k \geq 1 by the choice of tk, we have \bfittheta \prime 
\infty \in B\varepsilon (\bfittheta \infty ).

This contradicts condition (a) of Proposition 5.6 since B\varepsilon (\bfittheta \infty ) cannot contain any
stationary-Nash point in Λ.

6. Applications of the main result.

6.1. Nonnegative matrix factorization. Given a p \times N data matrix X \in 
\BbbR p\times N and an integer parameter r \geq 1, consider the following constrained matrix
factorization problem:

arg min
W\in \Theta (1)\subseteq \BbbR p\times r,H\in \Theta (2)\subseteq \BbbR r\times N

\| X  - WH\| 2F +\lambda 1\| H\| 1,(6.1)

where the two factors W and H are called dictionary and code matrices of X, re-
spectively, and \lambda 1 \geq 0 is an \ell 1-regularizer for the code matrix H. Depending on
the application contexts, we may impose some constraints Θ(1) and Θ(2) on the dic-
tionary and code matrices, respectively, such as nonnegativity or some other convex
constraints. An interpretation of this approximate factorization is that the r columns
of W give an approximate basis for spanning the N columns of X, where the columns
of H give suitable linear coefficients for each approximation [30].

The NMF [23] is a special instance of the constrained matrix factorization problem
above where Θ(1) =\BbbR p\times r

\geq 0 and Θ(2) =\BbbR r\times N
\geq 0 and \lambda 1 = 0 and X \in \BbbR p\times N

\geq 0 is given. NMF
has numerous applications in text analysis, image reconstruction, medical imaging,
bioinformatics, and many other scientific fields [5, 36]. The use of nonnegativity
constraint in NMF is crucial in obtaining a “parts-based” representation of the input
signal [23].

In [23], the following multiplicative update is studied for NMF:

MU

\Biggl\{ 
Hn+1\leftarrow Hn \odot (WT

n X)\oslash (WT
n WnHn),

WT
n+1\leftarrow WT

n \odot (HnX
T )\oslash (HnH

T
n W

T
n ),

(6.2)

where \odot and \oslash denote entrywise multiplication and division. Given a nonnegative
initialization (W0,H0), the iterate (6.2) generates a sequence of nonnegative factor
matrices (Wn,Hn)\geq 0. In [23], it was shown that the objective value of the NMF
monotonically decreases under the iterate (6.2), but it has not been proven that the
convergence is toward the set of stationary points of the NMF problem. There are
some works that propose modified versions of (6.2) and show asymptotic convergence
to stationary points (e.g., [24]). Furthermore, to the best of our knowledge, there has
not been any result on the rate of convergence of any variants of MU (6.2).

Here we propose MU with regularization (MUR), which falls under our BMM
(algorithm (1.6)) and satisfies the hypothesis of our main result, Theorem 2.1. Fix
regularization parameters \delta \geq 0 (thresholding parameter) and \rho \geq 0 (proximal regu-
larization parameter). Consider the following variant of MU:

MUR

\left\{         
H̃n\leftarrow Hn \vee \delta ,
Hn+1\leftarrow (H̃n \odot (WT

n X + \rho H̃n)\oslash ((WT
n Wn + \rho I)H̃n),

W̃n\leftarrow W̃n \vee \delta ,
WT

n+1\leftarrow WT
n \odot (HnX

T + \rho W̃T
n )\oslash ((HnH

T
n + \rho I)W̃T

n ),

(6.3)
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COMPLEXITY OF BMM WITH DIMINISHING RADIUS 863

where ( \cdot \vee \delta ) is the operation of taking maximum with \delta entrywise and I denotes the
r \times r identity matrix. Note that by setting \delta = \rho = 0, (6.3) reduces to the standard
MU in (6.2). The following corollary shows that the MUR (6.3) algorithm for NMF,
as long as \rho , \delta > 0, retains the asymptotic convergence and the rate of convergence
stated in Theorem 2.1.

Corollary 6.1 (convergence of MUR for NMF). Fix a matrix X \in \BbbR p\times N
\geq 0 . Let

(\bfittheta n)n\geq 0, \bfittheta n := (Wn,Hn) be generated by (6.3) with arbitrary initialization \bfittheta 0 in a
compact set \Theta \subseteq \BbbR p\times r

\geq 0 \times \BbbR r\times N
\geq 0 . Denote f(W,H) := 1

2\| X  - WH\| 2F . Suppose the
thresholding and proximal regularization parameters \delta , \rho are strictly positive. Then
Theorem 2.1(i)–(iii) holds for (\bfittheta n)n\geq 0.

While we restrict the factors (W,H) for NMF to live inside a compact subset \Theta 
(Corollary 6.1) for a technical reason, this does not lose any generality in terms of
the objective values if \Theta consists of all nonnegative factor matrices with Frobenius
norm bounded by any constant at least 2r\| X\| 1/2F . Indeed, if (W,H) is any pair of
nonnegative factors such that \| X - WH\| F \leq \| X\| F , then one can rescale the columns

of W and the corresponding rows of H suitably so that their norm is at most 2\| X\| 1/2F

and the rescaled factors have the same objective value \| X - WH\| 2F (see [28, sect. 6]).
To justify Corollary 6.1, we first explain why MUR (6.3) can be viewed as a

special instance of the BMM algorithm (algorithm (1.6)). Consider the following
convex subproblem of (6.1): minH\geq 0(fn(H) := 1

2\| X  - WnH\| 2F ). For any matrix A
and positive integer j at most the number of columns in A, denote Aj to be its jth
column. Then fn(H) =

\sum N
j=1 f

j
n(Hj), where f j

n(h) := 1
2\| X

j  - Wnh\| 2F .

Fix parameters \rho , \delta \geq 0. Define a function gn : \BbbR r\times N \rightarrow \BbbR by gn(H) :=
\sum N

j=1 g
j
n

(Hj), where

gjn(h) := f j
n (hn) + (h - hn)

T \nabla hf
j
n (hn) +

1

2
(h - hn)

T
(D + \rho I) (h - hn) ,

where hn :=Hj
n and D =Dj

n(\delta , \rho ) is the r\times r diagonal matrix given by

Da,b := 1(a= b)
[WT

n Wn(hn \vee \delta )]a
[hn \vee \delta ]a

.(6.4)

Note that taking \delta = 0 in (6.4), gjn defined above becomes the majorizer of f j
n used

in [23]. The thresholding parameter \delta \geq 0 prevents the denominator above from
vanishing when Hj

n has zero on some coordinates. Since the thresholding is applied to
hn in both the numerator and the denominator in (6.4) and since we do not threshold
WT

n Wn, it turns out that gjn is still a majorizer of f j
n for \delta > 0. We claim that the

following properties hold:
[a] \nabla f is L-Lipschitz continuous for some L> 0 when restricted onto a compact

set.
[b] gn \geq fn and gn(Hn) = fn(Hn); gn is a quadratic function.
[c] Hn+1 in (6.3) is an exact minimizer of gn over \BbbR p\times r

\geq 0 .
[d] gn is \rho -strongly convex.
[e] If \delta > 0, then there exists a constant Lh > 0 such that hn := gn  - fn has

Lh-Lipschitz continuous gradient for some constant Lh > 0.
A similar construction of surrogate function and claim will hold for Wn+1 by symme-
try. Points [b]–[c] verify that (6.3) is a particular instance of BMM (algorithm (1.6)).
Given this, we can easily verify that the hypothesis of Theorem 2.1 holds for the
NMF problem (6.1) and the algorithm MUR (6.3). Indeed, assumptions A1 and A2
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864 HANBAEK LYU AND YUCHEN LI

hold trivially, except the sublevel set compactness for NMF holds if and only if \Theta is
compact, which holds by the hypothesis. The smoothness property of the majorizer
in A3 holds by point [e]. A3(b) holds for \rho > 0 due to point [d] (this is why we should
require \rho > 0 in Corollary 6.1). Last, A4 holds by point [c]. This is enough to deduce
Corollary 6.1 from Theorem 2.1.

Proof of points [a]–[e]. We first justify [a]. Note that

\nabla f(W,H) - \nabla f(W \prime ,H \prime ) =
\bigl[ 
WTW (H  - H \prime ), (W  - W \prime )HHT

\bigr] 
.

Thus, if we restrict (W,H) on a compact subset of the parameter space, then \nabla f is
L-Lipschitz continuous for some constant (depending on the compact subset) L > 0.
This verifies [a].

Next, we show point [b]. Clearly gn is a quadratic function. Next, fix j \in 
\{ 1, . . . ,N\} . Note that we can expand f j

n(h) at h := Hj
n as a quadratic function.

Subtracting this from gjn,

gjn(h) - f j
n(h) =

1

2
(h - hn)

T \bigl( 
Dj

n  - WT
n Wn + \rho I

\bigr) 
(h - hn) .(6.5)

We claim that the matrix Dj
n - WT

n Wn is positive semidefinite. To justify the claim,
it is enough to show that the following rescaled matrix is positive semidefinite:

Q := diag(H̃j
n) (Dj

n  - WT
n Wn) diag(H̃j

n).

Indeed, this can be shown from the following observation (a similar computation was
used in the proof of [23, Lem. 2] with H̃j

n replaced with Hj
n): For all x\in \BbbR r,

xTQx =
\sum 
a,b

[WT
n Wn]a,b[H̃

j
n]a[H̃j

n]b (xa  - xb)
2
/2\geq 0.

Now, since Q is positive semidefinite, the identity (6.5) implies point [b]. Point [d]
follows by noting that Dj

n is a nonnegative diagonal matrix.
Next, we justify point [c]. First note that minimizing gn(H) over H \in \BbbR r\times N

\geq 0 can
be done separately over the columns of H. Note that

\nabla gjn(Hj) = - WT
n Xj + (Dj

n + \rho I)Hj  - \rho H̃j
n.

The global minimizer of gjn is given by the solution to \nabla gjn = 0, which is

Hj
n+1 := (Dj

n + \rho I) - 1
\Bigl( 
WT

n Xj + \rho H̃j
n

\Bigr) 
.

Assuming Hn and Wn are entrywise nonnegative, recursively, Hj
n+1 is also entrywise

nonnegative. Hence Hj
n+1 above is the global minimizer of gjn on \BbbR r

\geq 0. By collecting
the columns j = 1, . . . ,N , it follows that Hn+1 in (6.3) is the global minimizer of gn
over \BbbR r\times N

\geq 0 .

Last, we justify point [e]. From (6.5) it suffices to show that Dj
n  - WT

n Wn has
bounded maximum eigenvalue. A key difficulty in analyzing the original MU algorithm
in [23] is that even if one assumes that the factors (W,H) live in a compact set, the
definition of Dj

n in (6.4) involves the denominator of the coordinates of hn, which could
vanish while the numerator [WT

n Wnhn]a remains bounded. Our up-thresholding of
hn by \delta > 0 exactly prevents this issue while maintaining majorization. Indeed, by

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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COMPLEXITY OF BMM WITH DIMINISHING RADIUS 865

the hypothesis, the iterates (Wn,Hn)n\geq 1 (and hence H̃ns) are contained in a bounded
set. Take L to be

L := sup
n\geq 1

max
1\leq j\leq N

\bigl( 
\| Dj

n\| \infty + \rho 
\bigr) 
\leq sup

n\geq 1
\delta  - 1

\Bigl( 
\| WT

n WnH̃n\| \infty + \rho 
\Bigr) 
<\infty .

Then L uniformly upper bounds the largest eigenvalue of Dj
n  - WT

n Wn + \rho I in (6.5).
This shows [e].

In section 7.3, we provide numerical experiments showing the advantage of MUR
when dealing with sparse data.

6.2. Applications to constrained tensor factorization. As matrix factor-
ization is for unimodal data, nonnegative tensor factorization (NTF) provides a pow-
erful and versatile tool that can extract useful latent information out of multimodel
data tensors. As a result, tensor factorization methods have witnessed increasing
popularity and adoption in modern data science [35].

Suppose a data tensor X \in \BbbR I1\times \cdot \cdot \cdot \times Im is given and fix an integer R \geq 1. In the
CP decomposition of X [20], we would like to find loading matrices U (i) \in \BbbR Ii\times R

for i = 1, . . . ,m such that the sum of the outer products of their respective columns
approximates X: X \approx 

\sum R
k=1

\bigotimes m
i=1U

(i)[:, k], where U (i)[:, k] denotes the kth column
of the Ii\times R loading matrix U (i) and

\bigotimes 
denotes the outer product. As an optimiza-

tion problem, the above CP decomposition model can be formulated as the following
constrained tensor factorization problem:

arg min
U(i)\in \Theta (i);i=1,...,m

F (U (1), . . . ,U (m)) :=

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| X - 
R\sum 

k=1

m\bigotimes 
i=1

U (i)[:, k]

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
2

F

+

m\sum 
i=1

\lambda i\| U (i)\| 1,(6.6)

where Θ(i) \subseteq \BbbR Ii\times R denotes a closed and convex constraint set and \lambda i \geq 0 is an \ell 1-
regularizer for the ith loading matrix U (i) for i = 1, . . . ,m. In particular, by taking
\lambda i = 0 and Θ(i) to be the set of nonnegative Ii \times R matrices for i = 1, . . . ,m, (6.6)
reduces to the NCPD [35].

The constrained tensor factorization problem (6.6) falls under the framework of
BCD in (1.3), since the objective function F in (6.6) is convex in each loading matrix
U (i) for i = 1, . . . ,m. Indeed, BCD is a popular approach for both NMF and NTF
problems [19]. Namely, when we apply BCD (1.3) for (6.6), each block update amounts
to solving a quadratic problem under convex constraint. BCD for (6.6) is known as the
form of ALS, which can be implemented by using a few steps of projected gradient
descent for solving each subproblem. For NMF, ALS (or vanilla BCD in (1.3)) is
known to converge to stationary points [16]. However, for NTF with m \geq 3 modes,
global convergence to stationary points of ALS is not guaranteed in general [20] and
requires some additional regularity conditions [7, 16]. Using our general framework
of BMM-DR, we propose the following iterative algorithms for constrained tensor
factorization: For each n\geq 1 and i = 1, . . . ,m,

(6.7)

BMM-DR for CTF\left\{           
A\leftarrow Out(U

(1)
n - 1, . . . ,U

(i - 1)
n - 1 ,U

(i+1)
n - 1 , . . . ,U

(m - 1)
n - 1 )\in \BbbR (I1\times \cdot \cdot \cdot \times Ii - 1\times Ii+1\times \cdot \cdot \cdot \times Im)\times R

B\leftarrow unfold(A,m)\in \BbbR (I1\cdot \cdot \cdot Ii - 1Ii+1\cdot \cdot \cdot Im)\times R

g
(i)
n (U)\leftarrow Majorizing surrogate of f

(i)
n (U) := \| unfold(X, i) - BUT \| 2F

U
(i)
n \in arg min

U\in \Theta (i),\| U - U
(i)
n - 1\| F\leq rn

G
(i)
n (U) := g

(i)
n (U) + \lambda i\| U\| 1,
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866 HANBAEK LYU AND YUCHEN LI

where unfold(\cdot , i) denotes the mode-i tensor unfolding (see [20]) and rn \in [0,\infty ] for
n \geq 1 denotes the radius of the trust-region. The iterate (6.7) specializes in various

tensor factorization algorithms depending on the choice of the surrogate g
(i)
n . Namely,

first, there are four ALS-type algorithms:
(a) (ALS) g

(i)
n = f

(i)
n , rn \equiv \infty .

(b) (ALS with DR) g
(i)
n = f

(i)
n ,

\sum \infty 
n=1 rn =\infty ,

\sum \infty 
n=1 r

2
n <\infty .

(c) (ALS with PR) g
(i)
n (U) = f

(i)
n (U) + \lambda 

2 \| U  - U
(i)
n - 1\| 2F , \lambda > 0, and rn \equiv \infty .

(d) (ALS with DR + PR) g
(i)
n (U) = f

(i)
n (U)+ \lambda 

2 \| U - U
(i)
n - 1\| 2F , \lambda > 0,

\sum \infty 
n=1 rn =\infty ,

and
\sum \infty 

n=1 r
2
n <\infty .

Next, specialize (6.6) into NCPD, where Θ(i) = \BbbR Ii\times R
\geq 0 and \lambda i = 0 for i = 1, . . .m.

There are two MU-type algorithms for NCPD, which can be derived similarly as in
the NMF case (see sect. 6.1):

(e) (MU) U
(i)
n+1\leftarrow U

(i)
n \odot (BT unfold(X, i))\oslash (BTBU

(i)
n ).

(f) (MUR)
\Bigl\{ 
Ũ\leftarrow U

(i)
n \vee \delta U (i)

n+1\leftarrow Ũ\odot 
\Bigl( 

(BT unfold(X, i))+\rho Ũ
\Bigr) 
\oslash ((BTB+\rho I)Ũ).

For many instances of BMM-DR for CTF listed above, we can apply our general result
(Theorem 2.1) to deduce their convergence and complexity. In order to guarantee
asymptotic convergence to stationary points and iteration complexity as stated in
Theorem 2.1, we need to assume that either diminishing radius or strongly convex
surrogate is used. This rules out the vanilla ALS (a) for general CTF and MU (e) for
NCPD. The following corollary holds for all the other options listed above.

Corollary 6.2 (convergence of BMM-DR for CTF). Let \bfittheta n = [U
(1)
n , . . . ,U

(m)
n ],

n\geq 0, be generated by (6.7) with one of the options (b), (c), (d) (for general convex
constraints on factor matrices) or (f) (for NCPD). Then (i)–(iii) of Theorem 2.1 hold
for (\bfittheta n)n\geq 0.

6.3. Block projected gradient descent. In the introduction, we discussed
that BPGD (1.5) is a special instance of BMM with smooth objectives where prox-
linear surrogates are exactly minimized over convex constraint sets. Therefore, our
general result (Theorem 2.1) implies that the BPGD algorithm (1.5) converges asymp-
totically to the stationary points (not only Nash equilibrium) and also has iteration
complexity of \widetilde O((1 + \rho + \rho  - 1)\varepsilon  - 2), under the hypothesis of Theorem 2.1. See Corol-
lary 6.3.

Corollary 6.3 (complexity of BPGD). Let (\bfittheta n)n\geq 0 be generated by the BPGD
updates (1.5) with stepsize 1/\rho . Suppose A1 and A2 hold, where the convex constraint
sets Θ(i) are not necessarily bounded. If \rho > L, then (i)–(iii) of Theorem 2.1 hold for
(\bfittheta n)n\geq 0. In particular, the iteration complexity for smooth nonconvex objectives with
convex constraints is Õ((1 + \rho + \rho  - 1)\varepsilon  - 2).

Note that though we only state the convergence results for smooth objectives in
Corollary 6.3, our general convergence and complexity results hold for nonsmooth
nonconvex objectives with prox-linear updates as in (1.5) (when p \not = 0).

7. Experimental validation. In this section, we compare the performance of
BMM-DR with other classical algorithms on different problems. The performance of
the algorithms is evaluated by the relative reconstruction error defined as Error = \| X - 
X̂\| /\| X\| where X is the given data matrix (tensor) and X̂ is the reconstructed data
matrix (tensor). For algorithms using diminishing radius, we take rn = c\prime n - \beta / logn
for n\geq 1, where c\prime > 0 is a constant.
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Fig. 2. Comparison of BMM-DR with BMM on NMF. \beta = 0.5 is the diminishing radius param-
eter used for all algorithms with diminishing radius and \lambda is the proximal regularization parameter.
The average relative reconstruction error with standard deviation is shown by the lines and shaded
regions of respective colors. (Color figures are available online.)

7.1. BMM-DR for NMF. We compare the performance of MU, BCD, BMM(c),
BCD-DR, and BMM-DR(d) on the NMF task. The advantage of implementing di-
minishing radius becomes significant when matrices are ill-conditioned in NMF. In
the experiments, the synthetic data matrix X \in \BbbR 100\times 50

\geq 0 is generated by the product

of W \in \BbbR 100\times 7
\geq 0 and H \in \BbbR 7\times 50

\geq 0 where W is set to have a large condition number of
order 107. This makes the block-marginal objective functions have very small strong
convexity parameters, if not zero. Each algorithm is run 10 times with random ini-
tialization, and the averaged reconstruction error is computed. The first two plots in
Figure 2 show the practicality of BMM-DR with square-summable radii. Namely, in
the left panel, BCD-DR and BMM-DR converge significantly faster to a more accurate
solution than other standard algorithms without trust-region (MU, BCD, and BMM).
In the middle panel, we compare a single instance of BMM-DR with various instances
of BMM depending on the proximal regularization parameter \lambda . While excessively
large proximal regularization (\lambda = 100,200) seems to compromise the performance of
BMM, all four instances of BMM are outperformed by BMM-DR with \lambda = 1.

Last, we discuss the experiments in the rightmost panel, where we make a di-
rect comparison between BMM (dashed lines) and BMM-DR (solid lines) with the
same surrogates presented. Notice that both the surrogate’s strong convexity and
smoothness parameters, \rho and Lg, increase additively by increasing \lambda . Hence from
our complexity bound in Theorem 2.1, it is expected to see worse performance using
steep surrogates corresponding to excessively large \lambda (e.g., \lambda = 100) for both BMM
and BMM-DR, but for flat surrogates with small \lambda (e.g., \lambda = 1,10), only the perfor-
mance of BMM should be hindered, since the complexity bound involves the inverse
of the strong convexity parameter. The experiments in the right panel indeed confirm
this theoretically expected behavior.

7.2. Nonnegative CP-decomposition. In this section, we compare the per-
formance of our proposed BMM-DR algorithm (b)–(d) and (f) for the task of NCPD
(6.6) (with no L1-regularization) against the two most popular approaches in prac-
tice: (1) ALS(a), and (2) MU(e). We consider a synthetic tensor data Xsynth and a
real-world tensor data XCifar10.

For each data tensor X of shape I1\times I2\times I3, we used the aforementioned algorithms
to learn three loading matrices Ui \in \BbbR Ii\times R for i = 1,2,3. We set the number of columns
R = 2 for synthetic data and R = 10 for the Cifar10 dataset. Each algorithm is run
10 times with independent random initial data in each case, and the plot shows the
average relative reconstruction error with the standard deviation in shades.
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Fig. 3. Comparison of the performance of BMM-DR (algorithm (1.6)) and MUR against BCD
and MU for the NCPD problem. BCD (equivalent to ALS) is implmented as (6.7)(a) with rn =\infty 
for n \geq 1. BCD-DR is implemented as (6.7)(b) with c\prime = \| X\| F /(1.5\times 105) for synthetic data and
c\prime = \| X\| F /(3\times 105) for Cifar 10 data. BMM(c) is implemented with a proximal regularizer with
parameter \lambda . BMM-DR(d) is implemented on top of BMM with diminishing radius parameter \beta 
and the same c\prime as BCD-DR. The average relative reconstruction error with standard deviation is
shown by the solid lines and shaded regions of respective colors.

For synthetic data, as shown in Figure 3, BCD-DR with proper diminishing radius
parameters \beta and c\prime is significantly faster than MU and also the standard vanilla
BCD in terms of elapsed time. Here we take c\prime = \| X\| F /(1.5\times 105) where X denotes
the synthetic data tensor, and 1.5 \times 105 is the number of elements in the tensor.
BCD-DR with \beta = 0.1 attains its best performance. In the third plot, a direct
comparison between BMM and BMM-DR with the same surrogates is shown. One can
observe that while the effect of different proximal parameters \rho is negligible, applying
diminishing radius improves the performance of BMM with the same surrogates.

For Cifar 10, the same experiments are conducted with c\prime = \| X\| F /(3\times 105). All
BCD-DR and BMM-DR outperform MU in terms of elapsed time and demonstrate
a comparable convergence rate to the vanilla BCD. Diminishing radius does not ac-
celerate the convergence as in the synthetic data case. In fact, the acceleration from
diminishing radius becomes significant when the relative reconstruction error is of
order 10 - 2. However, decomposing real-world tensors to loading matrices with such a
small relative reconstruction error may not be possible. Hence, the acceleration from
diminishing radius is not observed in the Cifar 10 data set case.

7.3. Comparison between MU and MUR for NMF. In this section, we
compare the performance of our MUR (6.3) for the task of NMF against the original
MU (6.2). We consider synthetic dense data Xsynth, synthetic sparse data Xsynth-sp

with 20% nonzero elements, and real-world data XMNIST.
In numerical experiments, we use MU and MUR to learn nonnegative matrices

W \in \BbbR 100\times 2
\geq 0 and H \in \BbbR 2\times 50

\geq 0 with synthetic data, and W \in \BbbR 28\times 15
\geq 0 and H \in \BbbR 15\times 28

\geq 0

with MNIST data. MU and MUR with various threshold parameters \delta and regular-
ization parameter \rho are run 100 times in each experiment with random initial data.
The average relative reconstruction error with standard deviation is computed and
shown in Figure 4 with solid lines and shaded regions. As shown in Figure 4, in the
synthetic data case without the sparsity feature, MU and MUR show similar conver-
gence speeds. In the sparse data case, for both synthetic and MNIST data, MUR with
various parameters significantly outperforms MU. In fact, writing MU in gradient de-
scent form [24], the step size of gradient descent updates involves H and W in both
the denominator and the numerator, whose elements could possibly be zero especially
when the data is sparse. A zero numerator of the step size results in no change during
updates, while a zero denominator would lead to blow-up issues. These challenges
contribute to the comparatively poorer performance of MU when compared to MUR.
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Fig. 4. Comparison of the performance of MUR for the NMF problem against MU. For MUR
in the first (second) row, \delta (\rho ) is fixed as 10 - 8. The number r of columns of loading matrices is set
to be 2 for synthetic data and 15 for MNIST data. The average relative reconstruction error with
standard deviation is shown by the solid lines and shaded regions of respective colors.
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